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PREFACE. 



The work here submitted to the notice of the public form^ 
the third volume of a course intended to famish to the 
mathematical student a pretty comprehensive view of the 
principles of modern analytical science. To complete this 
design will require a fourth volume, in some meadurc 
plementary to the three now completed, and to contain tlie ^^ 
subject of Finite Differences, a fuller inquiry into the 
theory of Partial Differential Equations, and a chapter on 
Definite Integrals. This final volume 1 hope hereafter to be 
able to prepare, although I do not propose to enter imme- 
diately upon the undertaking. 

With respect to this third volume, I ought to observe that, 
in Common with all modern elementary writers, I have availed 
myself pretty freely of the writings of the French mathema- 
ticians. In stating this, I am aware that I am not offering 
any apology for my book; but am, on the contrary, setting 
forth its principal claim to the notice of the English student; 
for the superiority of the French in every department of 
abstract science, is now pretty generally acknowledged in 
this country. Notwithstanding this admission, however, I 
have long been persuaded that many of the French pro- 
cesses, now universally adopted in English Books, are very 
deficient in mathematical rigour, and in not a few cases fail 
altogether to establish the conclusions aimed at. In conse-^ 
quence of this conviction, I have therefore been led, in pre- 
paring these volumes, cautiously to examine whatever I have 
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IV. PREFACE. 

appropriated from the sources referred to, and the result h 
been, that objections of the gravest kind have been foun 
to attach to some of the most celebrated French theorie 
In science, as in morals, the propagation of error is of mor 
dangerous tendency than the suppression of truth; and if. 
in the course of these volumes, it be found that J have sue 
ceeded in removing any inaccuracies that may hitherto hav 
vitiated the purity of mathematical reasoning, it may perha 
atone, in some measure, for the absence of that kind of ori 
ginality which requires powers of altogether a higher order. 

The present treatise I have divided into three sections : the 
first being devoted to the Integration of Differentials oi 
One Variable; the second to the subjects of Rectification, 
Quadrature, and Cubature ; and the third to an Elementary 
View of the Theory of Differential Equations, more particularly 
those of the First and Second Order. 

The first section will be found to be tolerably extensive. 
i have endeavored to arrange the several topics it embraces, 
so as to facilitate the progress of the student, and with the 
same view I have, in some cases, presented the general for- 
mulas of integTation in a tabular, and I think somewhat 
improved, form. The sixth chapter of this section, which 
treats on the Methods of Integrating by Series, and on Succes- 
sive Integration, will I believe, be found to contain one or 
two facilitating processes worth the student's attention ; also 
in the following, or seventh chapter, the article on the Sum- 
mation of Series will, it is hoped, be acceptable to the young 
analyst. This is a department of pure mathematics of con-j. 
siderable importance, as well as difficulty, and one to whic 
the Integral Calculus is peculiarly applicable, although, i 
general, but a very inadequate space is allotted to it in books; 
on that subject. In the course of this chapter occasion is 
taken to introduce Wallis's remarkable expression for the 
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|il|iiadrant of a circle ; this expression is rery generally known 

dttlotig mathematicians, and in foreign books is always ghren 

correctly. In all the recent English works, however, which 

1 1 have seen, and in which this expression occars, it is traiis- 

^: formed into an absolute absurdity; for in some of tht^ books 

"Waliis is made to say, and the student gtavely informed, 

that the circumference of a circle whose radius is unity is 

accurately nothing ; and in others the expression tells us thAt 

the circumference of the same circle is infinite ! 

Tke second section may be considered as the geometrical 

applictiLtion of the first, and will be found to contain a vei*y 

copious collectioii Of pifoblems on Rectification, Quadrature, 

and Cubature; most of the^ problems have been iseleeted 

from different mathematical periodicals, but of the greater 

part of these the solutions have been modified and improved, 

and corrected Where erroneous. 

It may be objected that I have not iiltrbduced iHtO this 

section the usual ancient curves, as the Quadratrix, the 

Conchoid, the Cirsoid, d^., the truth is that I think too 

much attention is bestowed on these curves at the present 

day, as they have long been dispossessed of that interest 

and importance that attached to them at the time of their 

invention; and, moreover, in the present improved dnd 

extended state of mathematical science, an ordinary student 

will find it a matter sufficiently difficult to preserve in his 

memory the many particulars which it is of importance 

idiould be remembered, without being burthened, in addition, 

with the names and forms of the various curves devised by 

the early geometers in their fruitless attempts to square the 

cfrcle, to trisect an angle, and to double a cube. On these 

accounts I have not hesitated to exclude them from this 

treatise and to introduce others, offering, by their equations, 

tnore interesting analytical particulars. 
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The third section contains the elements of a theory of 
almost boundless extent, the theory of Differential Equations 
As far as equations of two variables and of the first ordei:j 
are concerned^ and beyond which the powers of the calculuj. 
are at present but very Ihnited, the information conveyed inJ 
this section will, it is thought, be found to be sufficientb 
copious. I have endeavoured to render this part of th< 
subject clear and intelligible, and have, in some cases J 
preferred appearing lengthy where brevity might involve any] 
obscurity, as in the article on Riccatis equation, for instance 
In the latter part of this section I have compressed into smalll 
compass several topics of a nature too difficult and to( 
extensive to be completely discussed in a work of this kind;! 
but I have taken care to direct the inquiring student to the 
sources where more satisfactory information may be obtained :| 
I hope, also, to touch again upon these matters at a more 
convenient opportunity; in the mean time, I trust that the 
three volumes now finished may contribute something towards] 
improving the taste and exciting the inquiries of the young 
analyst. 

J. R. YOUNG, 

August 25^ 1831, 
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THE 



INTEGRAL CALCULUS 



SECTION I. 

ON THE 

INTEGRATION OF DIFFERENTIAL EXPRESSIONS 
OF A SINGLE VARIABLE. 



Article (1). The Integral Calculus is Uie reverse of the Differential 
Calculus, its object being to determine the primitive function from 
which any proposed differential is derived. We shall at once proceed 
to the exposition of the principles of this very important department of 
Analysis. 



CBAVTBIt Z. 

FUNDAMENTAL PRINCIPLES OF INTEGRATION. 

(2.) The process by which we return from the derived function to the 
primitive is called integration; it is indicated by the symbol y placed 
l^efore the differential or derived function, and the result of the process, 
t:liat is, the primitive function, is called the integral of the proposed 
^differential. 

(3.) There are several obvious particulars respecting the fundamental 
^principles of integration, which immediately present themselves to the 



/ 



II 



2 THE INTEGRAL CALCULI'S. 

mind, from considering the direct process, or that of differei 
These we shall briefly enumerate : 

1 . Since daFx is the same as adFx, viz. d¥*xdjr, therefore, in 
reverse operation, faYdx is the same as a/Y'xdx, so that any coi 
factor or divisor may be taken from under the sign of integrationy 
placed without it. We may moreover introduce any constant 
under the signy, provided we place its reciprocal without the sign. 

2. Since the differential of the sum of any number of functions 
the same as the sum of their several differentials, it follows that, 
we have to integrate the sum of any number of differentials, the 
integral will be expressed, whether the sign f is prefixed to the 
sum, or to each individual differential, that is,/(Adlr + ^dx -f- &c.)ii 
the same Bs/Adx 4-/Bdlr + &c. 

3. Since, in differentiating any function, the constant connected niA 

■ 

it by addition or subtraction disappears from the result, it follows Half 
in integrating such result, the constant should be introduced. But u 
the form of the differential remains the same, whatever may have iMp 
the constant in the primitive, we cannot infer from that form the A 
ticular value of the constant that has disappeared, so that all we caiip 
is, to annex to the integral found a symbol C, standing for a calmb^ 
the value being indeterminate. The integral thus completed, has Ae 
most general form possible, since it comprehends every function dm 
can by differentiation produce the proposed differential. Thus the 
complete integral of the differential dFx is Fjt -|- C. If we. kno>w ii 
any particular inqiiiry what value the integral ought to take for any ooe 
particular value of the variable, the constant belonging to that caie 
becomes readily determinable. Thus, if we know that for xz=aiJk 
value of the integral F j: -f C ought to be A, then we have Fa -|- C sss A, 
therefore the value of the constant is in that case C psA — Fo, so iSbA 
the definite integral, as it is then called, is Far -f A — Fa. 
We shall now proceed to integrate a few fundamental expressi 



Integration of the form (YxydFx. 

(4.) This differential obviously corresponds to the differential of 
(Fjp)»+>-|- C, with the exception that it is not multiplied by n -f 1 . It, 
therefore, we multiply it by this factor, and then place the reciprocal <jf i 
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t outside the signj'f the expression under the sign will be thus rendered 
otegrable, ^ 

.•.— ^/(n + 1) (Fsy rfF, = i£f£l_ + c. 

Elence, to integrate any differential of the proposed form, that is, where 
tibe expression without the parenthesis is the differential of that within, 
the rule is to increase the power of the function within the parenthesis 
hfy tcntfy, divide this increased power by its exponent, and annex the 
arbUrary constant. We shall subjoin a few examples of expressions 
oomiiig under this form, or which may be easily reduced to it. 

EXAMPLES. 

•(5.) 1. To integrate ax*dx. 

n/jfi 

2. To integrate Vo-fx* tdx or (a -f **)' «fc. 

Here the expression without the parenthesis is not the complete diffe- 
rential of that within, requiring to be multiplied by 2 ; hence, introducing 
this faetor> and placing its reciprocal outside, we have 

J/(a -h *•)* 2^* = CAdlf!>? 4- c. 

3. To integrate (fr + ex")* ax*-* dx. 

Here it is easy to perceive that the expression without the parenthesis 

requires to be multiplied by — ; hence 

-/(6 + ex-)* ;»cx-i rfx= J' (6 + cx»)«+» + C. 

nc nc {m -Y\) 

4. To integrate 

adoB 

or {Jb — ex)— » adxi 



(b — ci) 

c c \n — I) 

5. To integrate 

dy = (ax -I- 6x« -f ex*)"* (a -f 2bs -f- Scr^) dx. 
This being of the propo!<ed form the integral is 
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(ax 4- bi^ -{■ ra»)"»+» . _ 

y= ,« + ■ +^- 

6. To Integrate 

(iy = (2tf J — a*/ (a — j) dx 

y = J/(2ax — J»)'(2a— 2a)c/x=:^?^^^^I^ + C. 

In the examples already g^ven it has been an easy matter to discern 
the fjactor necessary to render the expression without the parentheses tb 
differential of that within ; bat there is a general method of ascertainin 
whether a proposed differential belongs to the case we are consideriB 
which ought to be noticed. Thus, taking the last example, assume 

y=A(2ax — x«;?-f C, 
then, differentiating each member, 

rfy = (2aT — 1*)* (o— x) rfx= J A (2flx— x*)*(2o — 2x) dx, 

consequently, if the differential is of the proposed form, we mast have tk 

conditions 

a =3 7Aa, 1 =7A, 

which agree in giving the same value to A, viz. A = .}; hence the iiiti 
gral is 

y=z^(2ax — x»)i+C, 

as before determined. 
If the example had been 

dy = (2ax — d^)» (6a — x) dx, 

then, as before, assuming 

y = A(a«i — x»)^ 

and differentiating each member, we have 

(2ax — x»;i (5a — x) =;J A (2ax — a»)^ (2a — 2x), 
.•.5 = 5A,1=5A, 

two conditions which are contradictory; hence we infer that the diffeRi 
tial does not belong to the proposed form. 

7. To integrate 

rfy =s adx ^ 4- x^dx 
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3r=/arf, -J^ +/x * dx= ax - ^ 4- f i* + C. 

8. To integrate 

y =/ (a + hxY dx =/ (a» dx -J- 2a^jrdx + 6* i« dx) 

= a*x + abx* -\ h C. 

«s 

9. To integrate 

2adx 



X V 2ax — X* 
This is the same as 



x-» (2(Mr — 1«)^ 2oi/x=x-*(2ox-> -1) * 2a<ir, 
^hich is of the required form, with the exception of its aign, 

.',y^-^/('2ajr'^ — J)~* X -2ax-«<fc=-2(2a.r^ — 1)* + C 

= — 2 ^ ^«^ — ^* + C. 

10. To integrate 



(2flj? — «•/ 
This is the same as 

(2a — x)-* *""* ^'^ = (2a^* — 1 H x-* dx, 

which will be of the required form/ when the expression without the pa- 
renthesis is multiplied by — 2a ; hence 

y=— i-/(2ar-« — 1)^X — 2ar-« dd? = ^^SfZLniL. 



« 2a~« 
1 1 . To integprate 

adjp P aAx 30?" 



/adx 



•fC 



12> To integrate 

rfy = (a -f *x + cx*)^ (W» -h 2cxdx), 

»•. y =s J (a -I* *x -f ca^)i -f C. 
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13. To integrate 

</y = (a -|- bj^) »»*«'»• 

x4» To integrate 

dy = 6 V4a:* + 3 • xrfx, 

15. To integrate 

Id. To integrate 

^ ar^iofx 

«3/ = 



N/o»-hft«» 



r * — " 

17. To integrate 



^ 27 



rfy=— J— ^^, 

18. To integrate 

^ S^ ' 

. „- (f^±^ 

(6.) There is one case belonging to the above form, which 
theless does not correspond to the differential of any power, and to i 
therefore, the foregoing rule does not apply. The case is that in w! 

becomes — 1, the form being -— - , which evidently agrees with th 

for the differential of log. X, hence 

»rfX 



/ 



— = log. XH- C = log. cX, 



e being the number whose logarithm is C. The following examples I 
to this case. 
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19. To integrate 



The numerator being the differential of the denominator^ we have 



-j^. = log.C(x» + «.). 

20. To integrate 

ada 
a-\-bx ' 

To render the numerator equal to the differential of the denominator^ 

^e muit multiply it by — , 

a 



a /* bdx a 



+ 

21. To integrate 



ax*dx 



22. To integrate 



5:^d3P 
3x*4-7 

6a^dx 5 



23. To integrate 

ixdx 



24. To integrate 

, a (x — aYubt 
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(7.) Integration cf the Formt 

a 
If Kve put —- = r, the three first of these fonns will be the same as 
b 

where the expressions under the sign of integration are identical with 
those at article (16) in the Differential Calculus. 1 

As to the fourth form, if we put --=: 2r it will be the same as 



2 b n rdac 

«V s/ 2rx — J 

the expression under the sign of integration being identical to the 
remaining expression in the article just referred to. Hence the integrals 
of all the proposed forms are given by the circular arcs exhibited in 
that article, so that 

■ =g— Em.-* x-\-C 

/dx 1 , . ^ 

■ aa— C0S.-»J? -f C 

/dx 1x1.^ 

/dx h 
; = -rflec."-'gH-C 

/<^ * . . <, 
. =— ^ eoaec.-** m^C 
x'Jl^x^^a^ « 

J — = 2 -r versln.-* « + C 



-/: 
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dx b 

= 2 — coversin.— ' »-\-C, 



-^nrhere it must be observed that in all these expressions, except the last 

a a 

two, the radius is -— and in the last two it is -rx >/2. 

(8.) If a=6 = 1, then r =: 1, and the first six integrals are, simply, 

dx 



s 
-J 



>/l—*» 
dx 

dx 

1 -f «» 

dx 



=s sin.—* X ■\-C 



^ COS.—* a? 4" C 



= tan.-»j?-|-C 



1 -f «» 



dx 



— = cot.-»*-f-C 
= sec.-* J? + C 



= cosec— * J? + C, 



dpN/d?»— 1 

and if 6 = 1, a*= 2, then r = 1, and the last two are 

dx 



f 

-s 



^2x—x^ 

dx 
>/2a? — a?* 



= versin.— * x -\-C 



= coversin.— * d? + C, 



the radius of these arcs being all unity. 

(9.) The more general expressions in art. (7) may also be so modi- 
fied as to involve only the common tabular trigonometrical quantities, 
or those to radius 1. For, if any trigonometrical line belonging to an 
arc of radius r, be divided by r, the quotient will be the trigonometrical 
line belonging to a similar arc of radius 1, we have, therefore, merely 
to multiply this arc by r, to arrive at the arc of radius r originally pro- 
posed. Hence, if, in the expressions art. (7), we divide x by the radius 
to which it belongs and multiply the corresponding arc by that radius, 



10 THE INTEGRAL CALCULUS. 

the values of those expressions will remain unaltered, and will be cal- 
culable, for particular values of x^by means of the common trigonome- 
trical tables. The expressions thus modified are 



-/ 



==-7- sin.-* — J? -f- C 



>/a« — 6*u** * « 



= —cos.-* — df -|- -|- C 



V a*—b*j» * « 






dx 1 h 

;=— 7 tan.—* — x-\-C 



a* + b^jp^ ab a 



i=— COt.-»--dF + C 



/ 

-/; 



a* -f- ^*' «* a 

= — sec.—* — x-\'C 



»\/b^j,»—a^ a a 

dx 1 b 

= — cosec.— * — a? -f C 



=: -7- versm.-* — ;- jt + C 



<^^ 1 . 1 2A» , ^ 

=— coversm.— * x — 5-0? + ^/- 



(10.) These circular forms will repeatedly occur hereafter, and the 
student should endeavour to carry them in his mind. It is obvious 
that these same forms hold, if instead of x there be substituted any 
function of it X, as we shall now illustrate by a few examples. 

EXAMPLES. 

1. To integrate 

xdx 



^/a — bx* 
If, in this expresssion, X be put for x^, we have xdx = ^dX, therefore 

4 /• — g^ -L- IB.-- ^x + c 



I 

2ii 


sin. 
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v + c. 

2. To integrate 

Patting «" = X, we have d*-» ddf = -1- rfX, 

n 

I r dX 1 . A* 

... __ f := — - 8in.-' — -- X". 

3. To integrate 
Putting «* = X, we have *» </j? = J rfX, 



.-.J / . .va = T^tan.-' N - jr». 

't/ a-f6X» a\/«A a 



+ ^X» 3 s/^ 
4. To integrate 



s/hjf^^a 



" -I 



Multiplying numerator and denominator by x this expression be- 



comes 






-I 

-!L -^-1 2 

and, putting jj* =: X, we have x * = — rfX, 

2 ^ dX 2 



«y XN/6X«-a ^„i a 

5. To integrate 



dx 



Dividing numeTator and denominator by «•% the expres8,on becomes 



12 
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,-h 



dx 



^a + bx 
and, putting a?* = X, we have a~' s= — 2 dX, 



^ Va4-6X» 
6. To integprate 



2 



xdx 



cos 



.-^1 



jr. 



1 +x^ 



/xdx 



7. To integrate 



ft 
x^dx 



s/2—'kjfi 



S: 



^ J sin.-' V 2*^. 

.8. To integrate 



x*—^dx 



\+JL 



2k 



/ 



'x*-^dx 1 ^ 
1 +.r''» « 



JK' 



(11.) We have now, by inverting a few of the fundamental processes 
of the differential calculus, shewn how to integrate the most simple 
forms of those differential expressions which lead to algebraical, loga- 
rithmic, and circular functions. It remains to consider those which 
depend upon exponential, and trigonometrical functions; still, however, 
confining ourselves to the most simple forms of those expressions that 
can possibly occur; we shall thus have all the elementary forms of 
which the most complicated integral can be composed. The exponen- 
tial and trigonometrical forms are as follow : 

Since da* ^ log.a . a* dx therefore fa* dx:=z U C 

log.a 

de'^e*dx fe*dx^e*-{-C 

dam.xsscoa.xdx , ♦ f co8.x dx =s 9in.x -j- C 
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doos^rsz — Binjedx /do.jrd^s — ccMmT -f C 

M dx P dx 

^■' dUnjpsa" s— / ^^^tMnjpMC 

dx /* dx 

de^^tst . ; / ■ ■ sscot.jr+C 

dwec^^tat^xwde^dx / taD.jp Mc^ritess seer -f-C 

. dtom»*0*^ — cttt>xeome*xd0 , . f wi^eaaoc.xdx=s ^eo9et^-{-C. 

I&ying thus collected together in the present chapter all the elementary 
forms, our principal object throughout this section will now be to de- 
compose into these forms every differential whose integral we wish to 
determine. 



TBlt ZZ. 

ON THE INTEGRATION OF RATIONAL FRACTIONS. 

(10.) By the aid of the elemental integrals, determined in last 

chapter, we may integrate every differential contained in the general 

form 

Pj^'^-hQif^* -f Itr-f S 

provided we can by any means decompose the denominator of the 
fractional coefficient into its simple or quadratic factors. 

In the form here exhibited we see that the highest exponent of j: in 
the numerator is less than the highest exponent of x in the denominator 
by at least one unit, but if any rational fraction be proposed having 
the highest exponent of x in the numerator greater than the highest ex- 
ponent in the denominator, then, by actually performing the division 
indicated, we shall obtain a quotient of the form px*cLr, and a remain- 
der, in which the highest exponent of x is less than the highest expo- 
nent in the divisor; the fraction, therefore, formed by this remainder 

c 
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and divisor will be of the above form, and this fraction annexed to the 
quotient must be equal to the proposed; we shall have, therefore, to 
integrate these two parts, and as the first belongs to the form (4) there 
will remain to be integrated the form above, so that the integration 
of this form comprehends the integration of every form of the rational 
fraction. 

(11.) To shew in the simplest manner how this integration is to be 
effected we shall apply the process to particular examples, choosing at 
first those fractions of which the factors of the denominator are all 
unequal. 

1 . Let it be required to integrate 

rt 

dx, • 



a« — a« 



The factors of the denominator are here x — a and j: -f a, and our 

A B 

object is now to find what two partial fractions and com- 

X — a X '\- a 

pose the proposed, that is to say, what values of A and B satisfy the 

condition 

a A , B 

+ 



By reducing the two partial fractions to a common denominator, and 
actually adding the numerators, this condition reduces to 

a = (A + B)iH-(A— B)a, 

and as this must exist, whatever be the value of x, we have, by the 
method of indeterminate coefficients, 

A + B=:0,a5=rA — B)a.'. 1=^A — B, 

which equations give 

A = i,B=-i; 

hence the partial fractions are determined, and we have 

that is (6), 

/adx 
^— ^, = i log. (* — a)--i log. (* + a) + C 
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d. Let it be required to integrate 

In this example the Actors of the denominator are jt, a — j:, and 

0'\-x, and in order to decompose the fractional coefficient into partial 

fractions, we must so determine A, B, and C, that we may have the 

condition 

g»-f^j«_A . B , C 



a*x — x* X a — X a + x 
which, as in last example, reduces to the condition 

a3 + 6x« = Aa» — Aa« -h Bflx +• Bx^ -|- Cflx — Cx«, 

therefore, equating the coefficients of the like powers of x, we have tlie 

equations 

B — A — C = i, BoH-Ca = 0, Aa* = a«. 

The last of these immediately gives A = a, which reduces the first to 
B — C = o -f t ; also, since the second is the same as B + C = 0, we 
get for B and C the values 

B = ^— ,C= g— , 

the partial fractions being thus determined, we have 

/^J-6x« _ r dx , a-\-b P dx a + ^ C ^^^ 

-^——dx—aj -^H- 2 J ^__^ 2 J a^x 

= alog. X— "^ log. (fl — x)— ^^ — log. (a H- a?) H- C 

n -L. h 

= a log. X — log. (a* — x^) + C. 

3. Let it be required to integrate 

3x — 5 . 
ax. 

X* — 6x + 8 
To determine the factors of the denominator we must find the roots 
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of the equation 

which are x==2 and j=4; hence the &ctors are x — 2 and x — 4; 
therefore, as before, assuming 

3x — 5 A , B 

+ 1 — r» 



i« — 6*4 8 * — 2 ' X— 4 
we have the condition 

8x^6bsAx-^4A + B«— 2B, 
therefore, comparing the like powers of x, we have the equations 

3 = A + B, 5 = 4 A + 2B, 

.-. A = — J,B = i, 

consequently 

J a^— «x4.8 ^^ ^"" V "*^^ "^ *^ * — 4 
= ilog.(x — 4)-ilog.(x — 2) + C. 

4. Let it be required to integrate 

9 
X* -f" *<** — ^ 

Decomposing the denominator, as in the last example, we find for 
the fectors 

X 4- 2a 4- V 4a* + fr«and« + 2a — V 4a» + 6». 

or, more briefly, 

X + K and « 4~ ^ ; 

hence, assuming 

^ A B . 

x«4-4ax — 4« ^ + k"^x+L* 

we have the condition 

x=sAx4-AL + B +BK, 
which furnishes the equations 

A 4- B = 1, AL + BK = 0, 
from which we find for A and B the values 
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A- ^ B^ 



y^ * __ K /* dx L_ /• ^ 

= K^L ''^- ("^ ■*■ ^^ "K^ ^''^' ^"^ "^ ^^ "^ ^' 
6. To integrate 



dx_ 
L 



f: 



a*-— 5jH-6 



c2d*s=:<;iog. ■ -h C. 



x«-— 5X-I-6 °i — 2 

6. To integrate 



r» + x« — 2-r 



/ 



;j5-?^^i-^ 



7. To integrate 

2 — 4x 



/: 



d?«— X — 2 
2 — 4x 



- dx 



a^— X — 2 



rfx = — 2 log. (i«— X — 2). 



From these examples it appears that when the denominator of the; 
rational fraction can be decomposed into simple and unequal factors, 
the integral of the expression will always be determinable, ai)d will 
always be of a logarithmic form , because the several component partial 
differentials will be fractions whose numerators are the differentials of 
the denominators, whether these be rational or imaginary. 

(12.) When the factors of the denominator are not only simple and 
rational, but some of them equal, the process just employed must be 
modified a little. Thus, suppose we had to decompose the fraction 

a + 6x + ex' 

where the Actors of the denominator are all equal. 
The partial fractions cannot here be of the form 

c 2 
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ABC 



for, as these are all of the same denomiDator, their sum is of the foim 

A' 

and the condition for determining the numerators 

a -I- 6« -I- c*« = A' (x — *)«, 

which is not only insufficient for that purpose, but it also fixes a relation 
between k and a, by c,. 

If, however, we make, in the proposed expi^ession, this substitu- 
tion, viz, 

a- —- ^ = «.•.« = « + A: 

it will take the form 

a^bk^ck^'\'l% + icks + ct* 

of which the component j&actions are obviously 

a4'hk-\-cf^ fc + 2cAr c 

9 ^ 9 • 

Hence the component fractions of the proposed are 

x-{-bk-\-cl^ b + 2c k c 
(x — *)' '(» — *)«' x — k' 
that is 

a^bx + cs* _ A B C 

{x — ky "" (« — *)» "*■ (x — ky "^ * — Ar* 

It is easy to perceive, fiK>m the process employed in this instance, 
that a similar form of decomposition has place in every case where the 
denominator of the rational firaction consists of only equal rational and 
simple &ctors. When unequal fectors enter as well, the corresponding 
partial fractions will be determined, as in the case already considered; 
but the operations will here, as in that case, be best understood by 
means of a few particular examples: 

8. Let it be required to integrate 
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tor ^^ 

(* + a*) 

Here we bave to determine A and 6 from the condition 

aa» __ A B 

which, by actually adding the fractions in the second member, and 
equating the numerators, leads to 

2ax=sA-f Bx + Ba, 
which gives the equations 

2asB, A-f Ba = 0, 
that is, 

A = — 2a*, B=2a, 

/-— -i— -dxsK— 2a« / T-T— T? +*« / r— 
(a? + a)» t/ (x + o)' t/ X + a 

= — ^ + 2alog.(x + a)-hC. 

9. Let it be required to integrate 

dx» 



x* — ox' — a'x + a' 

In order to decompose the denominator, we must find the roots of 
the equation 

X* — ax* — a*x -}- o^ »= ; 

it is easy, however, to see that x^=ais one of these roots; therefore, 
depressing the equation by the easy method explained at page 193 of 
my Algebra, there results the quadratic factor x* — a*, which gives the 
simple &ctors x — a, x -|- a; hence, assuming 

X* A ,B C . 



(x — a)*(x-|-a) (x-a>»^ x— -a ^ x-f a 

reducing the partial fractions to a common denominator, and equating 
the numerators, we have 

1=B + C,A — 2Ca33 0, Aa — Ba*+Ca«=aO. 
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If we multiply the first of these conditions by a*, and add the result to 
the third, we shall have 

Aa + 2Ca» = a*, 

and adding this to the second, multiplied by a, there results 

€? = 2Aa .*. A = j^ Qy 

this, substituted in the second condition, gives 

whence the first reduces to 

B = l-i = i, 
therefore 

/i^ a_ P dx 3 p dx 1 p di 

(*— a)«(ar+a) ""T^ (^x — a)'' ^ ~i J 7^a~i J 7^ 

+ ---log.(x — a) + --log.(a:-f fl) H-C. 



2(x--fl) ' 4 ° ^ ' • 4 

10. Let it be required to integrate 



dx = — -rr::- — . ..^ dx. 



(r»— 1)« (x — l)2(x+l)2 

Here we must assume 

a A , B , C , D 



and, by reducing the partial flections to a common denominator, we 
are lea to these equations of condition, viz. 

BH-D=0 

A+B+C— D=0 

2A — B— 2C — D=0 

A — BH-C + D = a. 

The first of these reduces the third to 2A — 2C == 0, therefore A = C, 
the second reduces the fourth to 2A -|- 2C =«, therefore, since A = C, 
A=ia = C, consequentiy the fourth becomes D — 6=:|a, which, 
combined with the first, gives 
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hence 

/ adx , • p . dx dx djf dM ^ 

(*« — !)•■"*' V ^x + i)«"*"(x-|-i)«""7^rr"^T4T^ 

It appears firom these examples that when the denomiiiator of the rational 
fraction has all its simple fectors rational and some of them equal, the 
integral is determinable^ and can consist only of algebraic and logarithmic 
functions. The result is the same if imaginary &ctors enter, but we 
prefer to make this a distinct case. 

Before examining the case in which the denominator of the firactional 
coefficient contains imaginaiy &ctors, we shall add a few more examples, 
in the two cases already considered, for the exercise of the student 

11. To integrate 



/ 



^_i d. = log. ^^-^ + C. 



12. To integrate 

dz 



X* — 7x« + 12x 
13. To integrate 



r^dx 



a* — X* — X •+■ 1 

/x^dx 1 

14. To integrate 



jeda 



(a + bxy 
xda a + 2dx 



/ xqjp a 4- 2^x 

(a-f *x)8"" ^ 26« (a + 6x)« 

15. To integrate 
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I 



/; 



dx, 

« — 2 1 Cx4-2)^ 

rfx = -4-r-H- log. ^ \ ^ -hC. 



a^ + 4a«-f4x x -f 2 ' ° ^i 

16. To integrate 



x»— 3 , 

ax. 



c/x^ 



x3 — 7x-f 6 
"^"^ dx = ilog.(x-l)+ilog.(x— 2)+^jjlog.(x + 3)-fC. 



x»— 7xH-6 

(13.) It remains to consider the case in which imaginary ^tors enter 
the denominator. 

The imaginary roots of an equation always occur in pairs and are of 
the forms 

x= »H-j3>/ — landx=:» — jSV — 1, 

so that the quadratic factor which gives these roots is of the form 

a* — 2*x -f «« + /3« = (x — •)« + /3«, 

and, therefore^ the corresponding partial fraction of the form 

Mx-hN 

(X - a)« -h /3»* 

which cannot be decomposed into rational partial fractions ; but, if there 
enter into the denominator of the proposed several equal quadratic 
factors of this kind, or, which is the same thing, if there enters as a 
factor the power 

{(X — «)« + /3«}-, 

the corresponding partial fraction vnll be of the form 
Px*«-» _|_ QxSm-3 _j_ w 



{(x-ct)«H-/3»}'» 



. . . . (1), 



or, by introducing the indeterminate coefficients A, B, C, 8cc. these may 
be so determined as to render this fraction identical to 

Ax + B + (Cx + D){(x- >)«-h P"} + (Ex±FJJ(x--ar±^]*±Ac. 

{(x-«)2+>}- 

the last factor in the numerator being 
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(l4r4-K)((x-«/ + /3»}— '; 
hence the partial fraction (1) is equal to the sum of the fraction a 
Ax + B Cx+D , _li±K_ 

Knowing, therefore, the form of the component partial fractions, we may 
readily analyse any rational fraction when we can find the simple fiictors 
of its denominator, whether these be rational or imaginary. 

From the form of decomposition just established when equal quad- 
ratic factors enter the denominator, it is obviously necessar}-, m order 
to complete the integration of the class of differentials considered in 
this chapter, without using imaginaries, that we know how to integrate 

the form 

Ax + B . 



which, by putting z for x — a, becomes 

At + Aft H- B w, 

or substituting a for Aa + B, 

Azdz adz 



The first of these forms we know how to integrate, having considered 
it in (4), its integral is 

A. / * 2sdz A ^ 

TJ (za^./?)"'" 2(m— iXz^-f/S')"- »' 

it remains, therefore, to integrate the form 

Now this integration we cannot immediately effect, but it is easy to shew 
that the integral could be obtained, provided we could integrate 

(^a^^a^i • • • • Wf 

because, if we multiply both numerator and denominator of this by 
JT* + /3*, we have 
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and if to this equation we add 

d% 2(m— !)«« 



d. 



the integrals of the results are 

substituting this value in the integral of (5), there results 

r_ji = ! ^ 

J (2« + /3«)'--» (2m — 3) (2« +/3«)^» ^ 

(2W — 2)/y /* rfz 

-3 t/ (2» + i8')'»' 



2m 
and consequently 

r72 Z 



/( 



22 + j3«)*» /3« (2m — 2) («« + /3»)'" 

2m ~ 3 /* dz 

r=2)7 (2^ + i3^)«-» ^®^- 



-h 



)8*(2m 

Hence, as remarked above, the integral of (3) depends on the integral 
of (4), and, by the same formula, if m — 1 be substituted for w, the 

integral of 

dz 

will become dependent on that of 

dz 



dz , J 

so that, by first determining the integral of y which we ailready 
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1 i 

know to be (7), — tan.-* — we may, by the formula (6), determine 

in succession 

/ dz r ds n dx 

We shall, in the next chapter, shew how such integrals may be ob- 
tained, by another and more general process; we see here that they 
always involve a circular function. The following are examples of these 
integrals. 

(14.) 17. Let it be required to integrate 

' dx. 



«» — 1 

The fectors of the denominator being 

X — landx*-|-x4- 1, 

the latter involving imaginary factors of the first degree, the form of the 
decomposition is 

xdx Adx . Bjc + C . . 
r*— 1 x-l^ x^-\-x-\-l 

and from this equation we are to determine A, B, C ; therefore, reducing 
to a common denominator, and equating the like powers of x, in the 
numerators, as in the former examples^ we have the conditions, 

A-f B=0, A + C— B = l, A- C=cO. 

If we add these three equations together, we get 

X = J.-.B=:— J,C = — }, 

consequently 

The first of these component integrals is | log. {x — 1) and the second, 
being put under the form 

i r.jLzii-dx, 

and z being substituted for x^\, becomes, 
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hence, restoring tlie value of z, and collecting together the three com- 
ponent integrals, we have 

y*^5^di = J{^og.(x — l) — i log. (*» + * + 1) + 

Vatan.-^^^^l + C. 
18. To integrate 

(^+1)» 
Here we must assume 

j-*-i-2ir»4-3.r»4-3 _ At+B Cx + D E 

(a2 4.i)3 — (t2^_i)3+ (x« + l)«"^x'-|-r 

from which we get, by actually adding the partial fractions and equating 
the numerators, 

x4 -I- 2r> + 3x2 ^_ 3 = 

Ex* + Cx3 + (D -h 2E) r» + ( A + C) X + B + D + E, 

consequently 

E = l, C = 2,-.D = l,A = --2, B = lj 

hence we have to determine 

P xrfx /* jrfx /* rf^' /» (/jr 

"" t/ (x»-f 1)3 + ^ (x" -f 1)« '^J (r»-|-l;3 +^ (,«+ 1)« 

^•7 1^ + 1 

ITie two first of these integrals are, omitting the arbitrary constants, 
hIso, by the formula (6), 
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/ dx X 3 p dx 

2_ P ^^ _ Tx 7 p dx 

The first row of vertical terms on the right hand of the signs of equality 
are together equal to the sum of the three remaining integrals, therefore 
adding these to the two already determined, we have 



/ 



y tan -» X + C. 



19. To integrate 



a* — x-f 1 



dx. 



x*+ X* 4- X + 1 

— - tan.—* J? + C. 
20. To integrate 

l±ifdx. 

X3— 1 

From what has now been done it appears that the integral of any difle- 
rential whose coefficient is a rational fraction can always be determined 
by means of the elementary algebraic, logarithmic, and tangential forms, 
provided we can decompose the denominator of the firactional coefficient 
into its constituent factors. There are several irrational forms which 
may be rationalized by means of certain transformations and reductions, 
and which may, therefore, be integrated by aid of the principles already 
laid down. We shall now consider the principal of these irrational 
forms to which general processes apply. 
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Reduction of Irrational Functions to Rational. 

(15.) The simplest irrational function which can occur is that which 

consists of mooomial tenns only,, and diese are very easily rationalized ; 

it will be necessary merely to reduce the fractional indices of the 

variable .r to a common denominator m, and then to substitute z^ for x. 

1 . Suppose, for example, the differential 



a?*— Ja 



dx 



were proposed, then, since the common denominator given by the re- 
duction of the fractions j^, i, is 6, we must substitute sfi for x, which 
substitution reduces the differential to the rational form 

jfl — la 6«' — 2ai' . 

Since the highest exponent of ^ in the numerator of this expression 
exceeds the highest exponent in the denominator, we must perform the 
actual division, by which we get 

zL. — trL dzsz { -6z«-6**-6«»-(6-2a)2«-(6-2a) 2— (6- 2a)} dz 



^ 1— « 



consequently 



/• 



rfz qss — «• 1» — r* — z'— (3— a)s'— 



1 — « 6 2 3 

(8 — a*)? -f (2a --6) log. (z — 1) + C. 

In this manner it is obvious that we may render rational and then inte- 
grate every differential included in the general form 



-3L JL 

ax^ -{• hx^ -fcfec. 

a'x"' + b'x ''+ ic. 



dt» 



2. As a second example^ thQ student may take the differential 



I 
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1 +x* 

the integral of which will be found to be 



/• 



=-,ril-.ar -_-f.3x'-h2r*— 6i' — 6l*-}- 



log. (x^-f l)-f Ian.-* A 
(16.) If the surds which enter the function, instead of being mono- 
mial, are binomial, and all of the form (a -f ^-r) " , the function may 
likewise be rationalized. For if, as before, we reduce all the firactioniil 
exponents of (a + bx) to a common denominator p, and then assume 
a-f ijrrssz'*, the coefficient of dx will obviously be rational, and di 

pzP—^dz 

will become , which is also rational; hence such a function 

b 

will be thus rendered entirely rational. 

1 . Suppose for example the differential proposed were 

dx 
s/'a -f bx 

Putting fl -f fcx =J2:2 we have 

«X= r— > 

O 

dx 2dz 



»Ja -\- bx 






V a -|- bx 
2. Again, let it be required to integrate 



xdx 



{\^xf 

Substituting z^ for 1 + t, we have x = s* — 1 .*. xdx ^2 {t? — 1 ) zdz ; 
hence 

d2 
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r s -^ —-^ s= 2rf» — 



Ut 



3; As a third example let it be proposed to integrate 



dje 



Here the transformed expression in z will be found to be 

2dz . 2dz 

the integral of which is either 

according as the first or second fonn is taken. If the differential had 
been 

ds 

» >s/bx — a 

then the expression in z would have been 

2dz 2dz 

or 



8* + a »«—(>/ — ay 
of which the integral is 

V Aa? — a — V — a 



\ , \bx — a 2 

— tan.-»J or , log. 



It is thus obvious that we may always give to the integral of 

hdt 

t^ ±a 

either a logarithmic or a circular form^ whichever we please, but (me of 
these forms will necessarily involve imaginaries, and will therefore be 
in general less suitable for the purposes of calculation than the other. 
(17.) There remams one more class of irrational differentials which can 
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be rendered rational by a general process; these are such as involve no 
other irrational terms but those of the form 

V a + Ar 4- ca^, 

which form may in every case be rendered rational, by applying the 
principles of the diophantine analysis, and consequently every rational 
function of it may be rendered rational. 
First, let c be positive, and assume 

— + ~ + r» = (* + «)' = «» + 2jrf -h »», 
c c 

from which equation we get 

a-^c%^ , 2<? (a — 62 -I- ct«) . 

%e% — b (2«c — by 

hence 

/ :; ^ . X / o, — 4i -f tt' , 

consequently, by the proposed transformation we obtain for the irra- 
tional function of j: an equivalent rational function of z^ and as also x 
itself is a rational function of z, dx must be a rational function of 2:; so 
that dififerentials of the proposed form are thus rendered entirely rational. 
Secondly, let c be negative, and let « and /3 be the two roots of the 
equation 

, 6x a _ 

sfl = 0, 

c c 

then, by changing the signs 

^4.if _ -B«=—(j? -.«)(* — j3) = (x — «)(i3 — a), 

c c 

having thus decomposed the expression under the radical into its simple 
factors, we shall assume 

V(a' — «)(j3— i») = (-» — *) z, 
from which we get 

P 07 = (<V «) 2*> 

whence 
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therefore 

hence, by substitution in the original assumption, we have 

which is a rational expression, and so likewise is the expression ibr x, 
and therefore the expression for dx must be rational too. 

It appears that when, in such irrational differentials, as we are now 
considering, the coefficient of j;^ is negative, it will be necessary, in 
order to rationalize them, to determine the roots of the quadratic func- 
tion under the radical, after changing the signs of the terms ; but when 
the coefficient of j:* is positive, this preliminary operation will be un- 
necessary. We shall add an example or two of these forms: 

(18.) 4. Let it be proposed to integrate 

dx 

Here we have to rationalize 

n/ a H- Ox -f ci« ; 
therefore, proceeding as in the first case above, we have 

2(?z 2c2' 2/^cs 

and, consequently, 

/ dx p—dz — 1 
'^a + cx* J sj cz s/c 
that is, since 



/ 



dx 



= — ;— V a 4- cjtf^ — ^ 
=- T— log. C {>/ a -f caf^^x ,J c]. 



As the sum of the squares of the terms within the brackets is = a, if 
we divide by the constant log. a, which we may incorporate with the 
arbitrary constant log. C, the form will be changed into 



dje_ 
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y- log. C {>/ a 4- cjr» + * >/ c], 



and a similar change may be effected on the integral in the next 



If we put the proposed diflerential under the form 

the corresponding form of the integral will be 

5. To integrate 

da 



Proceeding as above^ we have 

/ ==— / 5 7= ;- log. C (2o« — 6), 

that is, substituting for ;; its value 

- V a + 6 J? -f- cj^ 

/ J ^ — = ^log.C {2's/c(a-|-6* + c*«) — 2o/ — 6}. 

6. To integrate 



'v a '\- bx — a* 
Having determined the roots a, j3 of the equation 

«* -— 6d? — a = 0, 

we have, by proceeding agreeably to the second case, above, 

consequently 

«>'Va + A« — «« c/»«+l 

or, restoring the value of Zy 
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r if. =r C - 2 Un.-'^l -^=i-- 

J a-f6.r — *• * — « 

7. To determine 

r ^ 

8. To determine 

r_j^=-2iog.c^^±^±^ 



4- 
9. To integrate 



dx 






•/ (1 +«»)>/l— «* v^ VI— a^ 



10. To integrate 

da 



■^"^ =^loy. 2+^ + 2 >/TT^T "-> ^ 

11. To integrate 



/dx^ 



<ir 



V26*-— «* 
V26* — dr» * 



12. To integrate 



N/2aa?-T-«" 

/*_^^_ __ „ log. c (* + o + >/25rf^. 
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Besides the irrational forms considered in this chapter, there are others 
also reducible, by general rules, to rational forms. These, however, 
being all only particular cases of a more general form to be examined 
in the next chapter, they more properly come under notice in that place. 
We ought, perhaps, before dismissing the subject of this chapter to 
apprise the student that there exists another method of determining the 
coefficients A, B, C, &c. in the numerators of the assumed partial frac- 
tions, which does not require the equations of condition necessary in 
the method of indeterminate coefficients which we have employed. 
But, although this second method is in some cases shorter than that we 
have adopted, yet, as it is less simple and obvious, we have preferred 
the latter. The other method is explained in note (A), at the end of 
the volume, to which the student may refer. 



CHAPTBlt ZZZ. 

ON THE INTEGRATION OF BINOMIAL DIFFERENTIALS 

IN GENERAL. 

(19.) The object of the present chapter is to solve the following 
general problem, viz. 

To integrate the form 

p 
a^(^a -\- fej?") 9 rfj? . . . . (A), 

in which ?», n, p, are either whole or fractional, positive or negative. 

We shall first remark that this general expression may alv^rays be 
changed into another in which p shall be the only fractional exponent, 
and in which n shall be positive. For if we reduce the exponents m, 
n to a common denominator q, and then substitute Z9 for x, p will be 
the only firactional exponent in the transformed expression: if after this 
the exponent of z within the parenthesis should be negative, we have 



« 
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only to substitute — for z and it will become positiye; heace the inte- 

y 

gration of every differential of the above form may be obtained provided 
we can always integrate when n is integral and posttive, m being either 
a positive or a negative integer, and p any number whatever; so that, 
in &ct, we need consider the above form only under these conditions, 
although, in virhat follows, this is not necessary. 
Substitute ar for a -f hj^ and there results 



x = ( 



z-^a.^ 



{ a — 1 1 

.•. a*» = ( — I — ) * .-. **-* dx = (2J — a) * dz 

nb * 
hence the general form becomes 

1 m-hi _ 

(2f — a) *- \pdi. 

nb »• 

•M I ■I 

Now if should happen to be a whole number or 0, the 

n 

exponent of {z — a) will be a whole number r, and we shall tlien 
merely have to integrate the form 

(2 — ay zPdz, 

which we can always do whether r is positive or negative; for if it is 
positive (ar — ay is, when developed, a series of monomials, and thus 
the integration is finally dependent on the form z*dz; if r is negative 
and ^ be the denominator of the firaction p, then, by substituting ^« for 
z, the form is reduced to a rational fraction. Hence the form may 

always he rendered rational when — ^^ is an integer. This is 

n 

called the condition of integrability. 
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(21.) By adopting a little artifice we may easily arrive at another 
transformation of the general differential expression, and thence obtain 
another condition of integrability. Thus, divide one of the &ctors 
(fl 4- bx^y of the proposed by x^p and it becomes {ax-* -|- b)p; 
multiply the other factor or* by x*p and it becomes x^+^p, so that the 
proposed is the same as 

d«+"i'(ax-» 4- b)Pdx. 

Substitute in this z for ax—* -\- b and the resulting transformed expres- 
sion can differ from that before obtained only in this, that a and b will 
be interchanged, that — n will appear instead of w, and m + np instead 
of wi; hence the transformed expression will here be 

m-t 1 

a " "^ — p — * 

. (c — b) » zPdz. 

n 

?/i -I- 1 
Hence the form may be rendered rational when -^ p is an in- 

•^ n 

teger or 0. 

The foregoing are the only cases of the general form which in the 
present state of analysis can be rendered rational. The following 
examples satisfy the conditions of integrability. 

EXAMPLES. 

(22.) 1. To determine the integral of 

^ (a + 5a?*)^ djp. 

In this example 

m + 1 



m 



== 3, n = 2, j9 =r I and = 2, 



n 



die first of the preceding conditions is therefore satisfied, aiid the trails^' 
formed differential is 

(« — a)z da. 



2ft« 
in which 

< = a -f- bs^y 

conseqnently, taking the integral' 
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2. It is required to integrate 

X'-* (a -f- a^y^ dx 

« « 5 m-f 1 
w = — 2, « = 3, j»=s— -- , 1 hj9 = — 2; 

hence the second condition of integrability is satisfied, and the trans- 
formed differential is 

a 

— («— l)«~}rf», 

of which the integral is 

-^(^* + *'"')• 

where 

consequently, 

^ -ft 



_ 3a?3 + 2a 



2a2^ (a 4- ^)* 

3. To integrate 

0? (a* + ^') dx 

/i'>(a«4-a?«)irfiP=^(a« + ^)i(4^ — 3a»)-|- C. 

4. To integrate 

adx 



(i+^)i 

(1 4- *«)i n/TT** 

5. To integrate 

a* (a 4- 6ir»)* cte 
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in whick 

(23.) When the conditions of integrability are not satisfied, the pro- 
posed dHfenential may then he referred to other general formulas called 
JfbrmuJUu qfreductiofty and which reduce the integration of the propose<i 
expression to others of a simpler kind. These formulas are obtained 
as follows: From the known form 

duv = udv -f" vdu 

we haTe, by taking the integrals 

uv^isfudv -^-fvdu 
,\ Otdv^suv — Cvdu . . . . (l)y 

a formula whidi reduces the integration of udv to that of vdu^ and 
wfaidi is known by the name of integration by parts. 

Let us now compare fudv with the integral fx^ (a + bs*)p dx in 
supposing 



m-f 1' 
and we shall then have, by applying the method of integration by parts, 

(j^ &^)j» J^!li £?L/x«+» (a + 6jf)i^ia?^« dx, 

or putting as before 

«t -f- 1 in -f- 1 

By this formula of reduction we see that the integral of any differential 
of the form (A) is made to depend upon the integral of another difie<- 
rential of the same form, but in which the exponent of z is diminished 
by ly and the exponent of x, without the parenthesis, increased by o. 
From this we may deduce a second formula^ for since 
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it follows that 

fx^2rdx=iafx^zP-^dx'{-bfx'^+*zP-^dx .... (3). 

Subtract this from equation (2) and there results 

or, substituting p for p -^ 1, 

.1 x»»+* (»» + « 4- m + 1)A ^ 

^ aim-^-X) a(m + 1) ^ -^ 

by which formula the integral is made to depend upon another of the 

same form, but in which the exponent of x^ without the parenthesis, is 
increased by n. 

The two formulas now given may obviously be useful when m is 
negative; it may be remarked, however, that both &il to be applicable 
whenm+l=sO, or when m's=. — 1, but in this case they are not 

wanted, because as then = the condition of integrability is 

n 

satisfied, and the proposed form may therefore be rendered rational. 

If we transpose the integrals in the formula last deduced we shall 

have 

( j»« -\- n -\- m -\- \) b 
a(m4-l) 



fx^xfdXf 



(pn -{-n -\-m-^ i)b 
which, by putting m instead of m + n, becomes 

(jw + m + l)^ (jwi-fiw-l- 1) A*' 

a formula which causes the proposed integral to depend on another of 

the same form, but having the exponent of x without the parenthesis 

diminished by n. 

If instead of subtracting equation (3) from equation (2) we had 

pn 
multiplied it by • and then added, we should have had 



I 
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^lencey dividiiig by die coeflkieDt -^- , we have 

m + 1 



by wbich formula tbe integnd depends on another having the exponent 
of the binomial leas by unity. 

By multiplying this last formula by the denominator and transposiu^ 
the integrals, we have 

apn apn 

whidiy by putting pfbrp — 1, becomes 

'' a(|> + l)n a(/»-f-l)« 

a formula whidi may be useful when p is negative. 

m -f 1 

In like manner, by multiplying the formula (2) by -— and trans- 

pno 

posing the integnds, we have 

•^ pnb pnb 

which, by putting m instead oim-^-n and p instead oip — 1, becomes 

•^ (;> + l)nfc (;i + l)«6-^ 

For the convenience of reference we shall now collect together the 
several formulas deduced in this article, and we shall thus have tlie 
following 



e2 
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(24.) TABLE OF FORMULAS FOR THE REDUCTION OF THE INTEGRAL, 

X* (a + ba^y dx or fi^sP dx. 

I. 
jM^i (ion 

II. 

Jx^tfdx = zP . ^'*', ^^/x»«-«tr+> dx. 

III. 

•^ o(;i-{-l)« ^ a(/>4-l)« -^ 

IV. 

•^ (;? -f- \)nh (p-^ l)nb'^ 



(/>/! -|- W* + 1) * (/?» + W -J- 1) O 

VI. 

fz^ iP dx = £i'+» . —7 — -- — . . TT-— ^/^"*-^"'g^ ''•r- 

a(w-f-l) a(w4-l) -^ 

Either of these fonnulas may under certain relations of the exponents 
become inapplicable on account of the denominator vanishing, but it 
will be easy to perceive that under these same relations the differentials 
proposed maybe rendered rational. We shall now apply the foregoing 
formulas of reduction to some examples. 
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EXAMPLES. 



(25.) 1. To integrate 

To this expression we may conveniently apply the formula V., from 
which we have 

/x^dx X* ^ n jfldx 

x*+a2^~4 " J x* + o* 

we have thus reduced the integral to the known form 

^^,= _log.(x» + «.), 
I therefore 

/x^dx a?* a*i' a* 

?q:^=— - — + — '°«-(^ + «') + ^- 

2. To integrate 

r^dx 



Applying to this expression the same formula we have 

. =/ac* 2-5 flfa: = «a . __ 77-/*^ 2"* </* 

Va-l-ia^ ^* 5* 

yi'' 2—3 rfx = 25 . - 
also 



Sx^v-hdx^z\, -^ ^ f^-~\dxy 



fx (a + bx^)-h dx^"l±±_^, 

b 
consequently 

Wa-\-bc^ ^^ 1^^ 15* 

= 2:^£±E { 3x« _ i^ + if^ } + c 



44 THE INTEGRAL CALCULUS. 

3. To integrate 



By the same formula (V.) we have 

and making m successively equal to the odd numbers 1, 3, &c. this 
equation gives 

/'-^:^=-^/7^+C 
J VI— «« 

VI — x* ^ ^*^ V 1— X* 



Substituting in each of the right hand members the value of the 
integral as given by the preceding equation we have 

J n/i — *» 

/^dx , 1 . 1*2, / 

y -v/TZrp ^5 ^3-5 ^l-3-6'' ^ 



l'2«4-6 






c 
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(m — 3) (w — 1) 



pifl ■ V 



"T* • • • • 



(m — 4)(m — 2)»4 



+ 



1 •3-5-7 



m 



Let now m be assumed successively equal to the even numbers 0, 
2, 4, &c. For wi = the formula is inapplicable, but the integral for 
this case is given at art. (8), and is sin.—* x + C ; therefore 

f ^"^ = 8in.-» X -H C 






(/X 



that is, substituting for the integral in each right hand member its value 
given by the preceding equation 



/dx 



= sin.-»x + C 



^dx 1_ ^- 



ar + -— sin.— ^ x + C 



/ x*dx 
>/l— X* 

— _— — — = — ( — x' H a?) V 1 — x" + - — 7 sm.— * x-^-C 

^/T:^S ^6'^^4-6^^2-4.6 ^ 
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l'3-5 



2*4*6 



sin.-* X 4- C 



(m — 3)Cm — 1) 



(m — 4) (m — 2) m 



«»-»-f 



1 -3 -5 



' 2 -4 • 6 

1 • 8 • 5 (m — 1) 

2*4*5 m 

4. To integrate 

djp 



i!!zil>iN/T 



} V 1—^4- 



sin.— * * -|- C. 



By the formula VI. we have 

x»«>/l— jJ*"" (m — !>«"-* "^ m — \J x*»-Vl— r9 
which for m = l fidb to be applicable; but example (8), art. (18), 

/ 7 =— log. ■- h C ; 

hence, putting m successively equal to 1, 2, 3, &c. we have 
/ .■■ = — log 1- C 

x«VT=T« 2^ 2^ ^ N/T=r^ 



(2), 



^ V 1— x» 3 /* d^ 

d?*>/l— ars^ 4j?* 4*/ ^>/THr^ 
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>/l-_-P» 



jQms/ I — a^ (th — l)d?"»— * m — It/ 



<ir 



am-W 1 — *» 



that is, by substitution, 



log. 



l + Vl—a^ 



+ c 






-f-C. 



1-3. i^'Ji—a/^ 



2 • 4 



d? 



/ 



dx 



1 '3 •5 



^ .1 , 1'^ . 1'3'5 ,^ 



4 • Or* ' 2 • 4 '6^^ 



— ;r* 



1 4.>/i — j^ 

2 • 4 • 6 ^°ff • :: ^■ ^ 



X 



r dx I 



i» — 2 



a;"*-* ' (m — 3) (i« — 1) j?»»»-» 

(m — 4)(m — 2) 
"^ (m--5)(w— 3)(m — l)x"*-» "*" 

1.3>5 (m-2) ^.^-^ _ 

^2. 4-6. ••(!» — 1)0^* 

1 • 3 • 5 (wi — 2) , 1 + >/l— d7» , ^ 

log. — ! 1- C 



2 '4 '6 (w — 1) ~ X 

If we put m successively equal to 0, 2, 4, &c. we have 

— ^^z==: = sin.—* a? + C 



Vl— 0^ 



/ dx __ VI- 



+ c 
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>/T— j^ 



or, by substituting, 

/ , ^ = 8in.-» X + C 
VI— ^ 



Vl— ^ 



/rfa? ,1.4 2*4, / -; . 



/rfj? 1 m — 2 

*«>/i__<f8'~ "" ' (/« — !>"•-* (to— 3) (m — l)i-*-» 

(m — 4) (m — 2) 
(m — 6) (m— 3) (to — 1 )*"•-* 
l-2>4....(m-2) ^y--^ ^ 

5. To integrate 



4- 



ae^djp 



*J ^ax — a^ 



This expression is the same as 



i<£r 



v^2a — or 



and, comparing this with the formula V. we have, for m^'o^ by ri, and p, 
m — i, 2rt, — 1,1 and — ^, therefore 
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/ af^dx ___ ai>»*-^'^2aje — x^ a(2i« — ]) P af^^ dx 

so that, by continuing thus to diminish the exponent wi, the integral of 
the proposed diflferential will finally depend upon 



/; 



dx . 1 1 I r. 

:= versin.— * -^x •\-C 



*J2ax — x^ " 

6. To integrate 

af^ dx 



(a" + x*)P 

If w is greater than, or equal to, 2, this differential may be reduced by 
formula IV. or V. or by the apphcation of both to the forms 



dx xdx 

;7or 



according as m is even or odd. The integral of the second form is 

L . c. 

2(1— i»)(a2 + a^)l^-»^ ' 

but the first form is not generally integrable, unless p' is i, or some 
multiple of it, in which case it may be further reduced by formula III. 
and will finally depend upon 



/; 



dx I 

: log. C (* -f VaH-^)* 



'Ja^—x'^ 
If m =: and j? be a whole number, formula III. gives 

dx \ X 



J 



_L 2/? — 3 p dx 



which is the equation otherwise deduced in art. (13), 

7. To integrate 

dx 






/ 



dx . 1 26 



= (-,-^,+^1k)^'' + *'^ + c. 



lefy/a + bx* Ssjr' 3a'x 
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8. To integrate 



p 
(a H- A«») ' 
for the odd values oip. 

1= -TT^og. \xs/ h'\^^f a + *jr»}-fC. (Seeex.7,p.34 

(a + *^)* ^ 

f-Jf—^— ^ + C 

r-Jt_^{ \ + i + 



15a» V a4- 6ic« 
8cc. 8cc. 

9. To integrate 



for the odd values of m, 

&c. &c. 

10. To integrate 



*y a -^ bj^ 
for the even values of ?//. 



THE INTEGRAL CALCULUS. 51 



26 26 



— -^L + C 






&c. Sec. 

11. To integrate 

si a ^ ho^ 

for odd values of m. 



dx 



X . . ^ ^ 



-i- dlrss V a + *x» + iw/alog. ■ hC 



&c. &c. 

When the proposed binomial cannot be reduced to a form integrable 
by the preceding methods^ then the only general mode of procedure is 
to develope the binomial in a series, and to integrate each term sepa- 
rately. The method of integration by series will be treated of in a 
future chapter. 
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ON THE INTEGRATION OF LOGARITHMIC AND EXPO- 
NENTIAL FORMS. 

Logarithmic Forms, 

(26.) But few of these forms are capable of integration by any 
general process at present known, except, indeed, by the method of 
series, which furnishes, however, but an approximation, and should 
therefore be resorted to only when exact methods fail. 

To integrate the form 

X log." xdx, 

in which X is a function of x. 
If, in the formula for integration by parts, viz. 

ftidv = uv — fvdu, 
we suppose 

dv = X<fr, u = log."ar, 
we have 

fSidx log.« X = log." x/Xrfip — /(/Xrfx • n log.»-» x — ), 

or putting, for brevity, 

/XrfxsxX, 

/Xrfxlog."x = log."««Xj--M y — log.«->aFrfx .... (1). 

If It is a positive whole number, the successive application of this for- 
mula will finally reduce the integration of the proposed form to that of 
an algebraic function, so that the proposed will be integrable, provided 
we can integrate, in succession^ the algebraic functions 

Xrfx = flfXj, ^ dx = rfXa, — » dit? = rfXs, Ac. 

X X 

To give an example of the application of this formula, suppose we had 
to integrate 
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X log.x djf 



Heie 

\/a» + x« V a' + X* 

consequently the final integral will be 

which we may at once reduce by the formula I. last chapter; or, if we 
multiply numerator and denominator of this by the numerator, we have 



a*dx 



« V a« + «» */ V a« 4- x« c/ X V a* + x* 



and, (ex. 8, p. 34,) 



^ X va'- 



= — a log. V'a' -I- ^ + g 



-f-C. 



+ x« 
consequently, by the formula (1), 

f^J^^ = log. x . s/l^l^^sJ-iF^r^ + 

a log. ^«'4-^-h« 4- c. 



X 



(27.) One of the most useful cases of the above general form is that 
in which X = j:», the form then being 

a*» log." X dx, 
and for which the formula of reduction (1) is 

J^"^^ ft 

fx^ dx log.* X = —-- log.* X T-rf^'^ log.*—* xrfx . . . (2), 

m -f- 1 m-f- 1 

x'*+* w — 1 

r.fx^dx log.*— *x = -— -log.*— *ir r-r /*x™ log.*—* x dx 

m-f- i m + l *^ 

fa^dx log.«-«x = ^ , , log.*-^^— ^T 1 /^"* log.«-3 rfx 



m+1 



OT-f-l 



f2 



,-.----^* . 



■iMl 



JL 



i»''i ilii iiiiKfM 
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*»+* , , fl — S 
/** rfx log.*-* X = -— -log.^-^jp J—- fx^ log.*-* X dx 

ficc. &c. 

Hence, substituting for the integrals, on the right, their values as given 
by the succeeding equations, we have generally 

/^<tolog.-*= -^ {Iog.-x- ^ log.-' , + ""^^^ log.- .. 

_!lif!:zdI<lpl)iog..-., + *c.} + C .... (3). 

This series terminates whenever n is a positive integer. It fails to be 
applicable, however, if m=: — 1, in which case the differential u? 

log." X . — ^ log." * . diog. Of 

X 

dx log."+*x . ^ 
.-./log." X . — = °. , + C, 



/ 



to that, in this case, the formula is not required. 
This last expression, if n is negative, becomes 

dx log.— "+*j» 

X log." X — « -h 1 

?o that, calling this v and j:'*+', w, the formula for the integration by 
parts gives 

/x^dx ^"•+* wi + 1 /* af^ dx 

log." a? """^ (« — 1) log."-» * "^ n^-lj log."->^*'**^*^' 

or, proceeding as in the former case, 

/d?«rfd? a?«+> ,1 . m-|-l 1 
^ — { ! — . L. 
log" X n — 1 *■ log."—* X n — 2 log."—* x 

(^ + D' 1__4. 1 . 

(« — 2)(«— 3) log."-«a? "^ '"^ 

(m-fl)"-' p a!^dx 
l-2-3....(«-l),/ T3^ ^ '^^ 

beyond the integral / the reduction cannot be carried, for the 

^ log.x 






''i^"-'*^V *^j:'r?Mf;.T.f . ..,;^ •^ . . . •^s..•. 
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fonnula ceases to be applicable when n becomes =: 1 . This final inte- 
gral may be put in a somewhat simpler form by substituting z for 

dx log. z 
jr"»+*, for then jr*» (ir = , and log. x ^ , consequently 



/ j^dx /• dx 
log. X ~"t/ log. % 



which expression, simple as it is in appearance, has never yet been in- 
tegrated except by series. 

When n is a fraction either positive or negative, we may, by means 
of one or other of these formulas, reduce the integration to that of another 
expression of the same form, in which n will be comprised between 
1 and — 1, which final expression must then be integrated by series. 

EXAMPLES. 

(28.) 1. Required the integral of i^rfx log.* X. 
Since here 7n= 3 and n^2, the formula (3) becomes 

Of* 11 

/V dof log.' ^ = -T- {log«* * — — - log. a: + — }-+- C. 

2. Required the integral of 

a?* dx 
logJ^x 
The formula (5) gives 

/x* dx ^^ 1* /* X* dx 

log.'j? log. ^ J log. X " 

This last integral, as before observed, cannot be obtained in finite 
terms; but, if we put z for jr"»+*, the form, as before shewn, becomes 

/dz 
-r— — . Now, if log. z be m, then (Di/f. Calc, p. 29), 

w' w* 
.=e. = l + „ + - + g--^ + Ac. 

consequently 

/dz pe^'du ndu . ^ , . 1 ^ 



-■ my- ■ , -, , — ;r — ♦— . 



•*.<• 
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/x* dx « . „ V- . . , . . log.' x^ . log.' d?* . ^ 
-J-- = C + (log.)' «• + log.x» + -V + W + *<=• 

3. To integrate 



a? log." X 

f-Jf—^c L- 

t/ X log." X (n — 1 ) log. 

4. To integrate 

I* dx 
. log.* a? 

/x* dx X* 5ar* 

log.'x ~ 2log?i 2 log. X 

25 r/, \2 ^ . 1 « . 10g.*X* , lOg.'x* . o T . ^ 

•g- {(log-y ^ + log. X* + -^5— + -^5_ ^. cfec.} + C. 

(29.) It may be here remarked that the formula (2) is rather more 
comprehensive than it appears to be, for, by attending to the manner 
in which it has been deduced, we readily perceive that it equally holds, 
when instead of x^, we substitute {x ± a)'*, so that the integral of 

(x ±, «)•» dx log."x 

will be given by the right hand member of (3), provided that in the 
factor without the brackets we change x into x ± a. 

The same is true of the expression (5), although we cannot legiti- 
mately infer this from the manner in which we have deduced the for- 
mula (4). If, however, as in the first case, we conmience with the 

. ^ X dx dx 

more general form , which may be vnritten Xo: . — ; , 

log.*j: J- log.»ar 

then, since 



i. 



-.-^ 
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/dit / * dx log.-* X __ log.— 4-' » 1 

X log." X %J X — II 4- 1 (n— l)log.*-*x' 

we shall have, by integrating by parts, 

/ ^dx X x 1^_ /* rf(Xx) 

log." X (« — 1 ) log.»-» X n — It/ log.* 

or, if X = jr*, 



n— 1 ^ 



x^ dx 



/x*" dx x"»+* m -|- 1 /• »* 

log." X (n — 1) log."— » X n — \ y/ log. 

in which obviously (x ± a)* may be put for x*. 

(30.) Let us now consider exponential forms; these, like logarith- 
mic^ are for the most part unintegrable exactly. 

To integrate the form, 
a* • x"* dx. 
Putting in the formula for integration by parts 



a* 

u = x^, dv ^ a* dx .*. v = . > 

log.a 



it becomes 



^ . X"» a* "» y. 1 . 

/aj~ a^ rfx = /«"^* a* dx 

log. a log. a 

/*p*" — * o* tn — 1 
jm-,1 a*dx=: — ; Tx*— * a* rfx 
log. a log. a '' 

a?"*—* a* wi — 2 
'' log. o log.a'' 

&c. &c. 

Consequently by substitution, 

a* , wix**— * , m(m — 1) x"*— • 

fx^a'dx^ {«* — -i ^^-j — ^ 

log.a ' log.a log.' a 

•^ log." a ' 

h \ 



./ /s - * 



R - A 



!V 



U-^aX ■^■>— '>-^ 
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the upper sign of the last term having place when m is even, and the 
lower when m is odd. 

When m is negative, the series within the brackets does not terminate, 
and is therefore inapplicable; but if in this case we put 

u = o*. dv = ar-*» dx .*. v = -; -r -» 

(ni — l)a?"»— » 

the formula for integration by parts will give 

a*dx a* log. a P a' dx 



«• — 1 
a* dx 

a* dx 



/a* dx o* Jog. a p a^ 
a* "■ (m — l)af«^» m—^lj "^ 

/a*dx flF log, a p 

/a* dx ^ log, g p a^ 
x»-« """" (to — 3)x"»-« "*" m—^J ~~i 

therefore, by substitution, 

/ «'^^ «! fl I ^^^'^ X I ^^^''^ x^ I 

x~ (TO— l)x«-» ^ "'"to — 2 "•'(to — 2) (to— 3 , 

J log.«»-«a log.'«~^a /'flF^x 

"^(to— 2)(to— 3) 1 ^"'■i-2-3...(to— l)c/ X * 

/a* dx 
is not rigorously determinable, but it may be 

approximated to by series. 

EXAMPLES. 

(31.) 1. To integrate 

a*dx 



x3 
The formula just deduced gives 

but if we substitute for a* its development {Diff, Calc, p. 29), we have 

a*dx dx 11 ^ 

— J— =— + log' a dx +(— log.« a • <P + ^-^-^ log.» a • a« + &c,)djc 
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/a* dx \ fA 

^ = log.d?+ log. a . a? 4. —. log.« a • -=- + 

Hence 

/a' dx a' 

log»*a ,, 1 <pa 

— 2 — ( log. a + log. «•*+ y log.' a • j— ^ + <fec.] -j. c. 

2. To integrate 

J?' a' dx. 

log. a ^ log. a ^ log.«a log.3a * ^^ ^• 

3. To integrate 

€* * X dx , 
(1+0?)'* 

/ e* xdx e* 
(l+I)"'— Tf^ + ^• 

4. To integrate 



(6 + x)« 

p a" xdx _ ^ f bay ^ P ^^ dy . 

J 7m^-^ [— + (!-* log. a) J _X}, 

where 5/ = 6 + a. 

5. To determine a general formula for the integration of 



or-* af^dx 



log. a * log. a ^ log.' a ^ 



, 1 • 2 • 3 . . . . m, . ^ 

h i — zi } + C. 

log.** a * 



* By putting \^a = Y, this will be transformed into 



1 e9 dy ev dy^ 
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CBAVTBIt V. 

ON THE INTEGRATION OF TRIGONOMETRICAL AND 

CIRCULAR FUNCTIONS. 

(32.) In cODsidering the differential expi-essions whose coefficients 
are ftinctions of trigonometrical lines, it is obvious that we may confine 
our attention to those only which contain sines and cosines, since all 
the other lines may be converted into functions of these. As in the 
former chapter, so here, we shall treat of those forms only to which 
general processes apply, omitting all notice of the almost infinite variety 
of combinations which might be devised, and for which the calculus in 
its present state supplies us with no rule of integration. 



(33.) To integrate the form 
sin."* X COS." X dx. 

To this general expression we may apply the method of integration 
by parts, first putting it under the more convenient form 

sin."*— ^ X cos.** X sin. x dx, 

for, comparing this with the formula 

fudv = uv — fvdu, 
by assuming 

»in."»— ' xs=u, cos.** X sin. xdx^ — cos.** x d cos. x = dv, 

and therefore 

cos **^^ X 

(yi — 1) sin.*"-* X cos. xdxz=z du, ' . , = v, 

n-\- 1 

it becomes 



f 
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8ln."»— *IC08.»»+'X 



/sin.** X co8.» xdx=z — 



« + l 



H —-/sin."-* X cos.»»+» X dx. 

This form may be somewhat simplified, for, by substituting in the inte- 
gral on the right 

COS." X ( 1 — sin.* x) for co8.»+* x 

' it becomes divisible into the two 

/sin."*-^ X COS." X dx — ^/sin.** x cos." x rfx; 

making, therefore, this substitution, we obtain from the result 

r . ^ „ J sin."*-* X C08."+* X 

/am.'" X cos." x dx"^ 

m,-\-n 

m — 1 _ . 

H ; — ■/8m.»-»a?cos."a?<ir 

m-\-n 

r ' --a - J Sin."*-^ a? COS."+» j7 

.*. /sm."*-^ X COS." xdx'=- 

m — 2 -\-n 

H r— - — / gin."»— * X COS." X dx 

m — 2-fw' 

■ 

r . ^ t. - J sin."*-* X cos."+* X 

/sin.'"-* X cos." X ax'=i — 

m — 4 -|-» 

wi -5 - . . 

H -— ; — /sm."*-" X COS." xdx. 

m — 4 -f- » 

&c. &c. 

Hence since the exponent m is thus diminished by 2 at each suc- 
cessive application of this formula, while the exponent n remains the 
same, it follows, that if m is a positive odd number, m and n being also 
both integers, the integration will be finally reduced to 

COS."*^' X 

/sin. X COS." xdx=. — ^/cos." x d sin. x = '- 1- C, 

« -f- 1 

so that, in this case, the proposed may be completely integrated by the 
application of this formula of reduction. 

(34.) If we substitute for the integrals in the right hand members of 
the above equations their values as given by the succeeding equations, 
we shall have the following 
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Before considering the case in which m, n, are one or both negative^ 
we shall give an example or two of the application of the preceding 
formulas. 

EXAMPLES. 

(35.) 1. To integrate 

sin.* X cos.' X dx. 

As, in this expression, n is odd, we shall employ the formula 11.^ 
which gives 

... • , sin. *ap , . 2 sin.** . ^ 

sin.*«C08.'x(ir=: — - — cos.'x-|--;r • — 7 h C 

7 7 6 

sin.** ^ • N , 2 8in.»x 

= — ^j— (1— sin.'x) + — __H-C 

= --- sin.* a? sin.^ « + C. 

o 1 

2. To integrate 

sin.* X cos. A^ dx. 

As m is odd it will be best to employ formula I. which gives 

/sin.* X cos. I* dx = ^ — {sin.* x -{ sin.' x] -f 

9 7 

4 • 2 — COS.* a? 



9* 7 



+ C 



COS.* a? , 4 ^ , .4.2,.^ 

= g — {sm.* 0? H- ~ sin.« a? +.773} + C- 

3. To integrate 

sin.* a dx. 

By formula III. 

r ' %j COS. a? . , 2 

/sm.* <to = — sin.* x -- cos. «• + C 

1 
= z- COS. X (sin.«» + 2) -f C, 
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4. To integrate 

sin.' X COS.' X dx, 

/8in.'«co8.'xdx= ^ — (8in.'x+ — )-f-C. 

5, To integrate 

sin.' xdx» 

/^8m.«i:rfx=: — {8in.«x+-j 8in.» x -f- —-gin.i} -f- 

5-3-1 



6*4-2 
6. To integrate 



x + C. 



8in.® X cos.' X dx 
., . o , , 8in> X • . 2 . . ^ 

/sin.* X COS.' X ax = rr (COS.* x-f — ) + C. 

Itjis worth while to observe here, that when either of the exponents 
tNf Tiy is 3, the formula for the integral is so remarkably simple that in 
every such case the integral may be instantly written down without any 
reference to the table at page 62. For by formula I. 

COS.* H" ^ X 2 

fsin.^ X co8.»x <fe = *. ^ { sin.* x -\ } + C, 

"^ n + 3 n -|- 1 * 

and by formula II. 

, , sin."»+*x , . . 2 , . ^ 

rsin.* X cos.'x ax = — -— { cos.' x H —- 1 -|- C, 

•^ m -\-S ^ m-|-l' 

which two forms may be remembered and applied without any trouble. 
Let us now suppose that one of the exponents my n, is negative, we 
shall then have 



(36). To integrate the forms 



sin."»i cos.»x 

■doff —. — - — aj7. 



C08.**x sin.'^x 

c 2 
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The formulas hitherto given will not suffice for this purpose; they 

might, indeed, by means of the formulas I. and II., be reduced to tiie 

forms 

sin. X , xdx . oos. x , xdx 
dx or -— , and -— dx or — : > 



C08."x C08.*»ar Bin.*x 8in.'»x 

of which the two 

sin. X , , 008. X , 

ax and -: dje 



C08."X 8m.*"« 

are immediately integrable, so that, when m is odd, in the first of the 

above forms, and when n is odd, in the second, the formulas Land II. 

respectively apply. When, however, this is not the case, we are led 

to the forms 

xdx xdx 

8in.*« cos."* 

which have not as yet been integrated, for m, n in the formulas 111, 
IV. are essentially positive; the question is therefore reduced to the 
integration of these two forms. Taking the first we have 



/ 



siidx 

= — /sin.— *-^*d?dco8.d? . . . . (1), 



and, putting 

sin.—*—* X = tf, d cos* x tts dvy 

the formula 

— Judv=s. — uv -\-fvdu 

becomes 

— / sin.—*—* X d cos. x = — sin.—*—* x d cos. x — 

(« + l)/8in.— *-* X COS.* dx 

= — sin.-*—* X COS. X — ^ (m + 1) {/sin. * * x — /sin.—* x] dxj 

or, dividing by w + 1, and transposing, we have, in virtue of (1), 

dx cos. X . m /* dr 



/dx COS. X , ^ C ^ 

sin*+* X (»»■♦" l)8in.*+*x m-\'\J sin. 

or, putting wi for »i 4- 3, 



m * 
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/dx __ C08. g m — 2 /* da; 

/• rflr ^^ ^^Q**^ , •«» — ^ P dx 

J sin.*— 'x (w — 3)aiii."»-'x m — 3t/ 8ln."»-*x 



/dx COS. X m — 6 /* rfx 

sin."— *x (w — 5) sin.*— • X w — 6*7 Bin."»~*x 

&c. &c. 

By the application of this process, we see that when m is odd, the 

/dx 
—r^— which, hy 
sin. X 

multiplying numerator and denominator by sin. x, becomes 

dx sin. xdx dco8.x 



/■ 



sin. X 1 — COS.* X I — COS.* x 

(see ex. 1, p. 14), log. ( ~"^^' r + C, 

X ^"^ COS. X 



that is, (1>. Gregory's Trigonometry , page 47,^ 

/dx 1 

— , = log. tan. -r- X 4- C, 
sin.x ° 2 

when m is even, the final integral is simply /cir as x + C, or we may, in 
this case, stop at the preceding integral, which will be 



/dx 
. fl = cot. X + C. 
sin.* a ' 



(37.) By substituting for the several integrals on the right their values 
as given by the succeeding equations, we shall have the following con- 
tinuation of the table of formulas given at page 62 : 
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EXAMPLES. 

(38.) 1. To integrate 

coSt*' X dx 

sin. X 



Applying here the formula II. we have 

— j^— C=— {COS.^X + —008.** + -- — -C08.«x}+ / — : 

sin.x «*^ ^4 ^4*2 J "n. x 

= — COS.* X -\ C08.* X + -— COS.* X 4- log. sin. x -f C. 

2. To integrate 

sin.^ X dx 

■ . 

C08.*X 

Applying first the formula I. we have 

/8in.^x<^ If., , , , /* rfx 
— = 5-[sin.'x — 8in.x}-f / —9 
COS.*X COS.^X t/ C08.*X 

and applying the formula VI. to this last integral we have 

/dx sin.x ^1 , 3-, 3 i/^i\in 
= i r- + :: =-} + *: — ^ log* ten* a ("^ + *) + C> 
co«.»x 4 tco8.*x^2cos.V ^4*2 * avg^^ /^^ ' 

so that 



/ 



sm.^xefx 1 , . - 5 . , 

— = — {sm.'x -sin.x} — 

cos.^x C08.*X 4 



/ 



J- {ilEl^ j^ log. tan. \ (~ + x)} + C. 
4 • 2 'cos.^x ' ° a \2 • '^ • 

3. To integrate 

COS.* xdx 

sin. 47 

cos^xdx lei* . , 1 . ^ 

— : = -r co8.*x + — - C08.'d; + cos. x + log. tan. -r- * + C. 

sin.x 5 3 ^ ® 2 ' 

4. To integrate 

dx 

CO8.* X 
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dx sin.x 2 



/ax sm.x 26 
7—= , h -r tan.x + C. 
COS.* X 3 COS.' d? 3 

5. To integrate 



/ 



sin.^x dx 
cos.'x 

sin.^xt/x 



COS.* X 



^coH.x -f sec.x -|- C. 



It must be remarked that, in the form just considered, the process 
fails when w = — n, because then formulas I. and II. become in- 
applicable, but they are not needed in this case, for since 

sin."*? . COS.* J? 1 

^ tan." X, -: = > 

COS." a? 8in.»d? tap." a? 

if we put 

tajk.x=:y .*. dx = -— - — r 
we have 

/8in.«x , /* y* . /*cos.»d7 , /» 1 

and therefore the proposed forms become reducible to rational fractions. 

(39.) Before dismissing the preceding forms we ought to remark, 
that in those particular cases in which the exponents m and n are 
positive whole numbers, the integration may be effected without intro- 
ducing any powers of the trigonometrical lines, the sines and cosines of 
multiple arcs occurring instead, and these are more easily calculated 
than the powers. 

This form of the integral requires the development of sin."» x, cos.*» x 
in a finite series involving only the sines and cosines of the multiples 
of x, and which development is always possible when m and n are 
positive integers. It gives (see Note B.) 

1 « . 1 

sin.' J? = — -- cos. 2 a? + -- 

2 ^2 

1 3 

sin.' a? = sin. 3 ^ + —- sin. x 

4 4 
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lis 
sin.* * =: — - COS. 4 d? — -— cos. 2 a 4- — 
8 2 ^8 

<fec. <fec. 

, COS.' * = — COB. 2 X + — - 

COS.* d? ^ -- COS. 3 J? -|- — - COS. JT 

4 4 

113 
COS.* JP^-zr COS. 4 d? + -— COS. 2 J? + — - 

8 ^2 8 

<fec. Ac, 

If, therefore, we multiply by dx and integrate we get 
/sin.* jedx^s ^-/cos. 2 x rfj? + -— dp 



1 1 

=: — — sin. 2d? + — df + C 

1 3 

/8in.'d?rf>=-- -T-/sin. 3dxa-\' —-/sin. d? rfj? 

1 3 

^ rr COS. 3 dP + -- COS. d? -f C 
12 4 

113 
/sin.* X dx=: —-/cos. 4 x dx —/cos. 2 x rfx -|- — - .r 

8 2 8 

113 

=^ r^T sin. 4 X -|- — - sin. 2 d? + -— d? + C 
32 ^4 ^8 

<&c. <fec. 

/" COS.* J? rfx =s — -/cos. 2 d? rf> 4- "T" * 

= -- sin. 2dP4-— dy + C 

1 .3 

coj». —-/cos. 3 X (/x 4- -r/ cos. x rfx 
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1 3 

=— r»in.3x-f---sin. J -fC 
12 4 

113 

fco8,*x dx = -T-/COS. 4 X </x + —-/cos. 2xdx-\ a: 

113 

=— sin. 4 X + -J- sin. 2 x + — x + C, 

<&c. <&c. 

BysubstitutiDg in the expression for/sin.* x cos."» j: ctr, for the powers 
of the sines and cosines the foregoing values, this integral also will be 
expressed without powers. 
(40.) There still remains for us 

To integrate the form 

dx 
8in.*"x COS.* a? 
Since this is the same as 

sin.' xdx -{' cos.'x dx 
8in.»» X cos." X 

we have this decomposition, viz. 

/dx p ^ dx n dx 

sin.* X COS.* X J sin.»»— ' X COS.* X J sin.*" x cos.*—* x 

and, by decomposing in this way the successive component integrals 
each into two, we shall finally arrive at forms already integrated. 



EXAMPLES. 

(41.) 1. To integrate 

dx 



sin.'x cos.'x 



r dx ^ n dz_ /•_^_ 

J sin.' X COS.* J? J sin.^cos.'o? U sin.'j? 

r ^f = /'»in:f±+ /•_^=_L + iog.t«n.4 

J sin.x sin.* x U cos. U cos.x cos.x 2 

also (37) 
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/dx C08.X . 1 , ^ 1 

-; — r- = — T-: — ;; — h rr lOK- tan. -— jr, 
sill.' J' 2 8in.«x ^ 2 * 2 ' 

consequently 

/dx 1 C08.X . 3 , ^ 1 

-T — = r- = T—: — J- + -r- log. tan. — x + C. 
sin.'xcos.'i COS. X 28ln.'x ' 2 ° 2 

2. To integrate 



dx 



sin.^ X COS. X 

*C08. iWx 



/rfx P dx /»C08.1 

sin.^xcos. X tJ 8ln.*xco8. a? ^ sin.* 

/ dx __ /^ rfx / * COS. 

sin.'cos.x ^t/ COS. X t/ sin. 



X 



COS. x</x 

2 » 



also 



= Iog.tan.i(i-» + ,)-^ 



/ 



COS. xdx 



sin.* X 3 sin.^ x 

/-: — r = log. tan. -— (— - -{- x) : ^ . , 1- C. 

sin.* X COS. X 2 ^2 sm. x 3 8in.'x 

3. To integrate 



dx 



sin.* X COS." 
Tliis, since sin. x cos. x = sin. 2.r, is the same as 

dx _ 2dy ^ r dx _ 2 r dy 

sin."2x sin.wy * 'ty sin." x cos." x t/ sin.^y ' 



which form has already been integrated at (37). 

4. To integrate 

dx 

sin.*x cos.'x 

/ . . ^ a qg — 3cot.2x4-C.. , 
sm.'xcos.'x 

5. To integrate 

dx 



sin. 'x COS.* X 



/ 
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dx Bin.T 2 



-| tan. X — 2 cot. 2x + C. 



sin.' X cos/ X 3 COS.' x 3 

(42.) From what has now been shewn it appears that the general 

differential expression 

8ln."»x co8.**xe/x 

may always be integrated when m and n are whole numbers, whether 
positive or negative. It is also completely integrable under other con- 
ditions and by the same formulas, as is easily seen by transforming it 
into an algebraic binomial differential, which we may always do. For 

if we put sin. x =:y we shall have cos. .r ^ ^\ — ^, and the known 
expression for the differential of an arc x, in terms of its sine y, is 
(Differential Calculus, p. 20,^ 

V 1— jr» 
hence, by substitution, the proposed differential takes the algebraic form 

which we know may always be integrated when either , or 

are whole numbers. 

2 

As in the preceding general formulas the exponents m or » are cou- 
tinudlly diminished by 2 : this condition of integrability must necessarily 
subsist for the final or reduced integral. 

The reduction of trigonometrical into algebraical functions is often 
advantageously adopted to facilitate the integration of such functions in 
cases which the preceding general formulas do not comprehend. But 
we shall not go into these cases here, as we propose to annex to the 
present section a supplementary chapter, exhibiting a specimen of those 
particular processes and transformations which nre most frequently 
found to succeed when the integration is not to be effected by general 
rules. 

(43.) There remains to be considered one more general trigonometrical 
form to which integration by parts as successfully applies as in the pre- 
ceding cases. 
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To integrate the forms 
m'** sin." X dx, m'** cos." x dx. 
Taking the first of these forms, which may obviously be written 

— m«* sin."- * X d cos. a?, 
and putting in the formula for integration by parts 

V = COS. XfU^ss. — m*» sin.*—* a? 
.'. </tf :s — a log. m * m" sin.*—* adap-\-(n — 1) m^ sin."—* cos. x dje 

we have 

— /m«* sin.*—* X d cos. x = — m"* sin.*—* x cos. x -f 

a log. mfmP* sin.* -* x cos. x rfx -f- 

(n — l)/i»"8ln.*— 'x cos.'xrfx .... (1). 

The first integral on the right is the same as 

A /. . J . « »»•* sin.* X a log. m ^ 
— /m« rf sm.* X = — /m« sin.* x dx : 

hence, by substitution, the equation (1) becomes 

r „ J «,-«_! I a log. i» • »»«* sin." X 

Cm^ sm.* X rfx = — m*** sm.*— * x cos. x A 

n 

(a log. nCf j'^a, sin.* x</x + (>> — l)/w«'sin.*-gx (i — sin.2x)dx, 
ft 

in the second member of which there ai*e two integrals like that in the 
first member; therefore, by transposing these we have 

^ /»*** sin.* X </x = — m«» sin.*—* x cos. x + 

a log. m . m«* sin.* x . , , . ^ „ , 
^ h (« — l)/i»«*sin.*-2 X dx, 

consequently 

/m«* sin.* X rfx = -7—; 'tt-. — T" {« ^Og. »* . sin. x — n cos. x} -f 

^^ (a log. w)' 4- n* ' * 



(rtlog 



^ xa . . /»>«*sin.*-'x<ix . . . . (2> 
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By this formula therefore the proposed integral is reduced to another 
of the same form, but in which the exponent of sin. j:- is less by 2, so 
that if n be an even positive integer, we shall, by the successive applica- 
tion of (2), finally reduce the integration to 

Cm'" dx = m«' -f C. 

am 

If n is an odd positive integer we shall arrive at the integral 

fm*" sin. X dx, 

which is itself immediately given by the formula (2), since the factor 
n — 1 then vanishes; therefore 

m°' 

Cm'" sin. xdx:=. — — tt— r-r- ia log* »* * sin. x — cos. x] + C. 

(a log. m)^ -f 1 * ° ' 

By applying the same process to the other general form we shall obtain 
the formula 

Cm'" cos." idx=: ~—i 'tt—, — •_ I a log. m • cos. x + w sin. x} -f 

•^ (a log. w)* 4- « 

n(n — 1) ^ _ , 

TT-^ — NO / a ><*' co8.«-* X dx, 
(a log. my* -{-«**' 



EXAMPLES. 

{44.) 1. To integrate 

e*8in.'x</x 

gSC BlI), X 2 

/e* sin.2 X rfx = , {sin. x — 2 cos. x) -j- ^ ^^ fc dx 

[sm. X — 2 cos. x} -|- -— e* -f C- 



5 ^ ' • 5 

2. To integrate 

e** cos. X da 

fe'" cos. X dx^ ^ {a cos. x -f- sin. x} -ijt^* 

H 2 
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3. To integrate 



e* sin.' X dx 

10 

(45.) We shall terminate the present chapter by shewing how 



fe* »in.* X (fe= -rrr {^^^'* X H- 3 co8.» x -f- 3 sin. x — 6 cos. x} + C. 



To integrate the forms 

X sin.—* X cfx, X COS.—* x dx, &c. 

in which X is an algebraic function of x. 

By applying to the first of these expressions the process of integration 
by parts, sin.—* x being put for u ondfXdx for v, we have, since 

dx 
d sin.—* X := , » 

V 1— 0^ 
the following formula, viz. 

/Xsln.-**d*=sin.-*^/Xdd7— C {^^ dx 

which, since X is here supposed to be an algebraic function, reduces 
the proposed integration to that of the algebraic functions 



/Xrfi=X, and C ' dx. 



By applying the same process to the second expression, the integration 
of this also will be obviously reduced to that of algebraic forms; and 
such would always be the case if, in the above expression, tan.—* x, 
sec.—* JT, &c. were put for sin.—* x, because the differentials of all these 
are algebraic functions. 

(46.) We shall apply the above formula to one or two examples. 



EXAMPLES. 

1. To integrate 

a^ dx 

sm.— * J?. 



Vl—ip* 
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We have first to integrate 



By referring to ex. 3, p. 44, we find 

/x^dx 1 1 • 2 / r 



also 



,/ ^3 ^ 1 -3^ 9^3' 

hence, by substitution, the above formula becomes in the present case 

/r^dx 12 / 

-— = 8in.-» x= — (-. a:» + —) V 1 — x« . sin.-» x + 
V 1 — x* ^ ^ 



2. To integrate 

a?^ sin.—* jc djc 



x^ 






also 



/» j^dx 1,1 , . 2v /— 

J 3 V^TZria 8 ^ 3 ^ 3 ^ 






hence 

3. To integrate 

x^ doD 

sm.— * d? 



Vl — ^ 

/x^djs , , «,lo. 3 , /- i 3 . . , . 

i-^ + ^^ + C- 

4. To integrate 

jp* tan.—* « <f«r 
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/^ tan.-»«d;r= ^ tan .-»* — ^ {^ — ^ + log. (1 + a«)} + C. 

5. To integrate 

J?* gin.— * a? rf* and «* tan.— * d? dlr 

f af^ gin.-* xdx=. -v sin.-* a r-rj- / ' . 

/ j:"* tan.""* jf oo? = tan.—'ir / — : — : — :r- ' 



CBAP.TB& VZ. 

ON INTEGRATION BY SERIES, AND ON SUCCESSIVE 

INTEGRATION. 

(47.) As our object hitherto has been to obtain general rules and 
formulas for the integration of a differential expression, we have confined 
our attention to the principal of those forms which are completely inte- 
grable. These, however, are very few, in comparison to those forms 
which the calculus in its present state furnishes no means of integrating 
in finite terms. We now come to consider this latter class of differentials, 
and to shew that the integral of any differential whatever may always 
be expressed by means of series. 

Integration by Series. 

(48) Let X represent any function of x whatever, and put 

fXdxszTx .... (1), 
then, by Taylor's theorem, 

F(*-A)=/Xrfa? — XA + -^ . — ^.— ^4.&c. 

^ -^ ^ da 1-2 dx^ 1 • 2 • 3 ^ 

or, substituting x for the indeterminate A, 



THE INTEGRAL CALCULUS. 81 



-4-&C. 



dx* 1 • 2 • 3 

wbere [Fj:] is what F.r becomes when j:* = 0. Hence, by transposition, 
we have 

dX a^ d^x x^ 

which is the series of John Bernouilli, 

From this general expression for the integral of Xdx it appears that 
the integration of every differential expression, containing one variable, 
may always be obtained, although not always in finite terms. The 
quantity [/ X rf j:] is obviously the arbitrary constant, being what the 
complete integral becomes when j: = 0, that is, [/Xdr] = C. 

We have given this series of Bernouilli more vnth the view of shewing 
the possibility of obtaining in every case an expression for the integral, 
than for the sake of the utility of this expression in computing the actual 
value of the integral in particular cases. For such purpose, it is ob- 
viously necessary that the series converge, which requires that it proceed 
according either to the ascending or the descending powcFs of the vari- 
able, which that above will rarely do, seeing that the several differential 
coefficients are ftmctions of x. 

(49.) If, instead of the theorem of Taylor, we apply that of Maclaurin 
to the function (1), we shall have 

rfX a* rf^X a^ 

<fec (3), 

Which is a series much more useful for the purpose in question than 

that just given. This, however, fails to be applicable when x=zO 

dX d^X 

renders X, or — — , or — 7t~> &c. also 0. The term [/Xdj] is here, 

dx dx^ 

as before, the constant C, which completes the integral. 

(50.) Another mode of obtaining the developed integral /Xrfx, and 

the one most frequently employed, is to deveiope X by the processes of, 

algebra into a series of terms, such that, being multiplied by dx, each 

may be integrable separately; then these series of integrals will necessa- 
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rily be the development o£fXdx, In this way, we may readily derive 
the fonnula (3), above, belonging to those cases where X may be de- 
veloped according to the increasing positive and whole powers of x. 
For such development of j, by whatever process obtained, must of course 
agree with that furnished by Maclaurin's theorem, that is 

x=[x] + [^],+ tg-]jfL + *c. 

Now there are two ways equally obvious, in which we may render the 
right hand member of this equation identical to the right hand member 
of (3);** we may, as above noticed, multiply by dlr, and integrate each 
term, annexing the arbitrary constant C, or we may multiply by x, -and 
then divide each term by the number deno'ing its place in the series, 
still amiexing the constant C. 

(51.) This latter method leads us to remark, in passing, that the de- 
velopment of functions by Maclaurin*s theorem may sometimes be con- 
siderably facilitated by developing one of the differential coefficients 
algebraically, instead of continuing to differentiate. 

Had this means of avoiding the trouble of differentiating occurred to 
us at the time, we should certainly have adopted it in developing 
tan.—* X, at page 35 of the Differential Calculus. For, by developing 
by common division, the first differential coefficient 

dy_ 1 
dx 1 -fa?'' 

we get with the greatest ease the series 

1 4- Ox— x»-f-Oar»-f x*-f Oi« — jT^-f &c. 

and it merely remaiiis ifow to multiply this series by x, and to divide 
each term by the number denoting its place, so that, putting tan.^ for 
X, we have 

y = tan. y — tan.« y + — tan.* y tan.'' y -f <fec. 

and in a similar manner may the developments of sin.-^ x, cos.-* x, &c. 
be facilitated, as will be farther shewn in some of the following examples : 
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EXAMPLES. 

(52.) 1. To determine the integral of 

dx 

in a series. 
By division 

1 1 X , x^ x^ 

— i — = i- + --; ; + *c. 

a -^ X a a' a^ a* 

Multiplying by Xy and dividing each term on the right by the number 
denoting its place, we have 

/dx X 3? x^ X* 



We already know, however, that 

dx 



s 



a-\-a 



= log.(a + j?)-fC, 



dx 

or, in other words, that is the first differential coefficient of 

' aJ^x 

log. (a -f w), so that, by means of this first coefficient only we easily get 

the development 

log. (« + x) = log. « + -1— ^ + ^- -jfl + *c. 

the first term of the development, when it proceeds according to the 
positive integral powers of jr, being always what the proposed function 
becomes when j: =: 0. 
2. To develope 

dx 



/: 



\/l -|-x« 
By the binomial theorem 

1 . 1 • . 1 • 3 A l'3*5_i, . ^ 
/ sss 1 — — jc* -i- x^ — ar 4- <Src. 

Vl+x^ 2^^2-4 2-4-tt ^ 

Multiplying by x, and dividing the several terms on the right by 
1, 3, 5, &c. on account of the absent terms in j, j:^, &c. we have 
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/dx 1 1*3, 1 • 3 • 5 

But (p. 34) 

f ,-^ =iog.(x +V7T^) + c, 

t/ V 1 -f. a^ 



that is, the first differential coefficient of log. (a: + V 1 + ^2) is 
by means of which we obtain the development 

2 • 3" ' 2*4' 5" 2 • 4 • 6 • 1 



, l" 1*8 1*3*5 
lOff. ('x+Vl + ^)= a: — -----«»+ r—r — 1**— r — ; 1^ + <fec. 



3. To integrate 

da 



by series. 

By the binomial theorem 



= 1 + --- X* + - — - x^ 4- --— f- &c. 



iy/ 1_^9 2 2-4 ■2-4'« 

Multiplying by j: and dividing the terms by 1, 3, 5, &c. severally we 
have 

t/ >/T=:^"" 2-3*^ + 2-4-5'^+2.4.6.7^ + ^• 



But 



t/ V 1 — X* 

consequently 



1 1 • 3 1 • 3 • 5 

»'"•-'*= ^ + ^T3 »^ + 2T4T5 *•+ a-.TTer, ^'- 

4. To integrate 



>/a* — I 



in a series of descending powers of jc 
By the binomial theorem 
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2x» 
1 -3 -5 



+ &C. 



2 • 4 • 6*7 

Multiplying by dx, and integrating each tertn, we have 

dx . 1 1 • 3 



/dx 
= log.x-~ 



2 • 2x« 2 • 4 • 4a:* 
1 '3 '5 



2 • 4 • 6 • 6 x« 

but (18) 

dx 



<fec. + C, 



/: 



= log. (x -f- V a;* — 1 ) + C ; 



2 • 2 J* 2 • 4 • 4x* 
1 '3 -5 



>/*« — 1 
hence, by this means we obtain the development 

t I 1 • 3 

log. (x-f-vx« — 1) = First term -f- log. x — 

— <fec. 
2 • 4 • 6 • Ox* 

As the series in this case is not according to the positive powers of x, 
it does not agree with Maclaurin's, and, therefore, the first term is not 
what the proposed becomes when or ^ ; we may, however, easily di?- 
cover what this term should be. We at once see that by putting 
x=:l the first member of this equation becomes log. 1=0, and the 

second becomes 

«. X. 1 1*3 l'3-5 

First term = = <fec. 

2-2 2-4-4 2-4'6-6 

which must, of course, be also 0, consequently 

First term =x - — - + r--; — 7+ -r-^ri — s — ^ — *c» 
2* 2^2'4*4^ 2 • 4 • 6* 6 

so that we thus have the complete development of log. (x -|- n/jp* — 1 .) 

5. To integrate 

dx 

x«-f- 1 
in a series of descending powers of x. 
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By division 

1 1 _ 1 1 1 1 






Multiplying by dx and integrating we have 



/ dx _ _ J[_ J 1 \ 



«^+i^-*'=- + ^' 



hence 

ton -< 1 = First term - 1 + --L _ ^ + _i_ _ Ac. 

To determine the first term we may remark that when j- = co , 
tan.-> jc = — , so that the development above then becomes 

—- =s First term, 

the first term is therefore thus determined. 

The preceding examples will serve to shew that functions may some- 
times be readily developed, by first developing the differential, and 
then integrating each term separately. 
6. To determine the integral of 

V I— c*x» . 
— da*. 

This differential cannot be integrated by any of the formulas in the 
preceding chapter: but, since it may be written 



dx 



>/ 1 — x« 



. Vl— e««», 



it is obvious that if v i — c*** be developed in a series of ascending 
powers of j:, the development of the proposed will be a series of terms 

all of the form 

** dx 

and are therefbre all integrable (25). 
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By the binomial theorem 

N/-rr^ = 1 - i- e» X* + ^ e* x* - ^illj e« ^ + *c. 
and multiplying by 



dx 



and then, integrating each term, there results 

V 1—e^x^ 



dxsz 
sin.—* X 



/ V 1 
VT 



+ yc*{YX -v/l — j« — — 8in.-"x} 



2'4 '4 •2*4'' 2*4 * 

H- €« (( — X* -I «* + — x^ ^' 1 — ar— -z 8in~'ar] 



+ &c. 4-C. 

7. To determine the integral of 

o^dx 

By division 

_-l- = l+x + a:« + «» + 4c (1), 

1 — X 

also CDi/f. Ca/c. p. %%) 
o'sl-f «log.a + -i-«*log.«o+--i- **lo«''« + <*^<^ W- 

^ IE * tf 

Multiplying (1) and (2) together, we easily get 

y-— .=sl+(l+Iog.a)x + (l+log.a + .--^)a« + (l + 
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consequently 

-j—^ = J + ( 1 + log. a) g- + ( 1 + log. a + — ^-^ ) T "*" 

. . . . log.' a . log.'a. a:* , -, , ^ 

( 1 + log. a + — |— + -^) - + &c. + C. 

8. To integrate 



by series. 



3«5a?3 



2*4* e*7 •4 

=: verain.— * a? + C. 
9. To integrate 

dx 



+ &c.} + C 



>/2« + x» 
by series. 

•>^ V2j+x» 2-3 2 ^2-4-5 4 

1 • 3 '5 «* 
2 • 4 • 6 • 7 8 * 

= log. C (2? + 1 + \/2« + x«) (ex. 12, p. 34.) 

10. To determine 

t/ log. y 



1*2*3 3 
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11. To integrate 



9 



(a -h 4i«) * ac«-> dx, 
yihen it does not satisfy either of the conditions of integrability, 



12. To integrate the same form in a series of descending powers 

f)f X. 

Putting the differential under the form 

and developing the first fector by the binomial theorem, we find by inte- 
grating each term 



9 



/(a + 4x*)' x»»-»</aF = 



' ^mq-\-np qb inq-\-n{p—q) 1 • 29* 6* my + 1* (/i— 2y) 

-f «fec.} + C. 

Successive Integration, 

(53.) In all the foregoing examples, the first difierential coefiicient 
is given to determine the primitive function firom which it has been 
derived; when, however, it is not the first, but the nth differential 
coefficient which is given^ then by a first integration, we shall arrive at 
the preceding or n — 1th differential coefficient; by a second inte- 
gration we get the n — 2th coefficient; and, by thus continuing the 
' integration, we at length arrive at the original fimction. As each inte- 
gration introduces a constant, it follows that the complete primitive 
ought to contain as many arbitrary constants as it has required integra- 
ions to obtain it 

I 2 
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Let y represent the primitive function, x being the variable^ and put 

hence, by integrating, we have 
Again, fixun this last equation we get 



<^ (■£!•) = X.<fe + C,dx, 



and, by integrating, 



^'^^ =/Xi («r +/C, <to = X, + C, J? + Cj. 



In like manner, from this we obtain 

rf (^^|.) ss: X, cte + C, ««faf 4- Cj (te, 
and integrating 

.^^=/x,ito4-rCi*(f*-|.yc,rf*=X3 + c, ^ + c,^-f C3J 

and, continuing this process, we have, after n integrations, 

mN — 1 «M — 2 

/»Xe^ = X„ 4- C, —- ; -^ -f C,--r: 7 rr: + 



*2-3...(n--8) 

The first term Xn of this series is the nth integral of Xdx% without the 
arbitrary constants; the remaining part of the series is what ought to be 
annexed to every such integral in order to render it complete. 

(54.) We may readily obtain the development of r»Xdjr as follows; 
By Maclaunn's theorem, 
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I * 9S 

d?" — * a?* 

^^-^ -* 1 • 2 . . . (» — 1) 1 • 2 .... « 



^da l-2...(M-f 1) "^ *-«?«« J l-2...(»-t-2)"*" 

in which 

irXda^l , [/«Xe^ [fn Xrf^] 

are the constants Cj, Cj Cn. 

It appears from this formula that when / Xdx is developable accord- 
ing to the increasing positive whole powers of jr, so also is/»X(ir», and 
that in such cases it is nearly as easy to determine by this formula the 
complete integral of/» Xdx* as that of/X(ij? ; it will be necessary merely 
to develop X according to the increasing powers of ^ , as in the former 
parts of this chapter, and to substitute for a?°, x, x\ a^, &c. in that de- 
velopment, the quantities 

d?»' 3?"+* j^-t-» af*-¥9 » 

1*2 n ' 1 . 2 . . . (w + 1) ' 3-4...(w-i-2)' 4 • 5. . . («4-3)' 

annexing the terms containing the arbitrary constants as above exhibited. 



EXAMPLES. 

{55.) 1. To determine 



By the binomial theorem 

1 , 1 -a . 1'3 . 1-3-5 - . . 

vHTf^ 2 ^2-4 2-4-6*^ 

and if in this series we substitute, agreeably to the above directions, 
instead of jfi, x% a?*, jr^, &c. the quantities 

a?* af^ a^ a?** ^ 

l-2-3-43-4-5-6(i-d-7»8 7-8-9-10' 

we shall have 
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/^ ] ^jpa 2*3*4 2«8*4-5-e ' 2*4'5'6T-8 

1 • 3 • 5x»o 



2«4-e«7*8 '0 • 10 



+ <fec. 



2. To determine 

/* sin. X djfi. 

By actually integrating, omitting the constants, 

/sin. a dx:=. — cos. x 
/* sin. 0? <i&v' =: — fcoB,xdx^=^ — sio. «r 
. n Bin. tt dc^ s=s — ^/sin. xdxz=. cos. or 

hence, completing the integral, 

/•sin. d?<i«' = cos. a?-}- Cj-j- +^3074- C3. 

3. Required the curve whose equation is 

-^ = aor-^=0. 
Here Xi Xj, X3, X^, (art. 51,) are each 0, therefore 

hence the curve is a parabola of the third order, or else one of its 
varieties. 



4. To determine 






Decomposing the fraction, we find 

«*— a 2a?» 



(«« H- ««)« («• 4- a»)« a^ -i- o* 
multiplying by etr, and integrating, we have (13) 
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/ 2jF^daf ^ X r das 

and adding 

/* «^«^ . _ a? . ^ 
therefore 

=3 J log. («» + a«) + Ca? + C,. 

5. To detennine 

6. To determine 

Pe'ddfi. 

/»e»<fd?>=:e» 4. C, -^ + C, J? + C3. 

7. To deteprmine 



>/l— ar» 



<fd?* a?* a® 1 • 3d?® 



f/YZT^ 3.3.4 ' 2*d*4*5*d ' »»4*6«6«T*8 

1 • 3 • 5a?»o 



2 • 4 • 6 • 7 • 8 • • 10 



+ *c. 



+ C,^ + C,|'-fC,a?H^C,. 



94 THE INTEGRAL CALCULUS. 



ON INTEGRATION BETWEEN LIMITS, AND ON THE 

SUMMATION SERIES. 

(56.) In the practical applications of the calculus, it is not the general, 
or, as it is usually called, the indefinite, integral that is ultimately 
required, because here the constant which completes the integral is 
indeterminate, whereas, in every particular inquiry this constant has a 
corresponding particular value, thus rendering the integral definite. 

When the indefinite integral is found, it is easily rendered definite 
by the nature of the problem, which always fixes a limit or origin to 
the integral, that is, it is known to become for some known value of 
the variable, and firom this circumstance the proper value of the constant 
becomes determinable (3). The integral is, indeed, in most cases 
entirely limited by the nature of the problem, being comprised between 
two given values of the variable x=a,s^ssb; so that, by substituting 
these values successively in the general expression, and taking the dif 
ference of the results, the arbitrary constant becomes eliminated, and 
the remainder, which is entirely definite, is the value of the integral 
between the proposed limits. Thus the general or indefinite integral 
of se^dx is 

m + 1 

but, if this be required between the limits j: = a, x s= 6, we shall have 
to take the difference between 

-f- C and — —J- -f- C, 



»» + l ' m+1 

and we express the result of this integration between the limits a and b 
thus: 



/ 



b tB^da^ss -— > 

m + 1 



the limit 6, corresponding to the value which is subtracted, being placed 
below the other limit a 



THE INTEGRAL CALCULUS. 95 

If 6 be the origin of the bove general integral, or the value of x for 
which it vanishes, then, since 

.-.0 = -— , 

»* -f-1 

so that the definite integral is 



/ 



X _ - ip»+* — 5"»+» 



«"• due = 



* m + l 

we shall give an example or two, in which integration between limits 
will be required. 

EXAMPLES. 

(57.) 1. It is an important question, in mechanics to determine the 
time which a heavy body will require to fall through an arc of a vertical 
circle, that is to say, from a proposed point of departure to the lower 
extremity of the vertical diameter. If a represent the radius of the 
circle h^ the height of the point of departure, and x any variable inter- 
mediate height from to A, we are led, by the laws of motion, to an 
expression for the differential of the time containing the differential 

dx 
>/(2aar— ««) (A— a?) 

this therefore must be integrated, to obtain the time sought. It is not, 
however, integrable in finite terms, but by writing it thus 

^^ (l-i^)-*, 



s/hx — t^ 2a 

we at once see that, if the second factor be developed in a series of as- 
cending powers of Xy the proposed differential will be reduced to a 
series of others, all of the form 

viae — ar* 
which is an integrable form. 
Therefore, developing by the binomial theorem, we have 
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uut) multiplying each tenn of this series by the other fiictor, we have 
this series of integrals 

/■ ^ -r versin-* x to radios -^ + C 

/ a^dx ^ x'^hx—3^ 3A /* jrfx 
V^AT^?"""^ 2 "^^ 4 c/ v^Ax-x« 

/ x»dj _ a^^/hx—x^ 5h P j^dx 
n/Ax— x*"" 3 ^^^^ n/Ax— x» 

By th^ question the limits of these integrals are j:=o, .r = A; we 
have, therefore, 

t/ vAx X* 

/l^ xdx h 



/fc a^dx 1'3A« 



/* J^^<^'g _ 1 *3*^., 



>/;rx':zp "" 2 • 4 • 6 

and, consequently, 



>/(2aA — x«)(A — x) 
J' +(t) 2^ + <2-^> 2^. + (2-T4T6)' 2^^ + **^^-J '^^ 



3. To determine 

I x*"rfx 
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By taking the difference between the two values of each integral at 
pages 44 and 45, for the values x^=0 and j:=s 1, we have 



/I dx IT 

/I a^dx _ 1 IT 

/I x^ dj 1 • 3 IT 

/I a^dx 1 • 3 '5 tr 



■ 3S 1 

/I a?*rfg _ 2 

/: 



1^ fi?« 



ill 

3- 6 



/I x^ife __ 2 • 4 • 6 



&c. 



&c. 



or, referring to the general expressions at pages 45 and 46, we have, 
when fii is an even number =27i, 



/ 



1 a/^djp 



1'3'5'7 (2n — 1) 

2 • 4 • 6 • 8 2n 






and, when m is an odd number ^2n -f 1 

/I aj*»+* dlr 2*4*6 '8 2n 
«;7T^"~3-5"y-^-*-(2« + l/ 

If n is a number infinitely great, then will 









J 


Vi". 


-w* 


V 


VT 


— 


«!» 






« 


bene 


e,by 


division, 


1 


2 -4 


•6*8 


•10. 


* . • « 














3*5 


*7*9 


•11. 


. • . * 






""1 -3 
2*4 


*5*7 
•6*8 


*9.. 
•10. 


. . * • ' 
* . * * 


IT 

2 




and. 
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8*10 . . 
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'7*9.. . 
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a remarkable expression for the rectification of the circle first gi?en by 
WallU. 

Modem English authors fi^uently put the above expression of 
Wallis in a very improper form, by writing it thus : 

2« ' 4» ' 6« ad inf. 

1 -S'-a* adinf.' 

or thus : 

2« . 4a . 6» ad inf. 

3s . 59 . 79 ad inf.' 

neither of which expressions can represent the quadrant of a circle, for 
the first is infinite, and the second is 0. 

■ • 

3. To determine 



/■ 



n/ 0? (1 — a«; 



4. To determine 



/I dr 



/ 






In the foregoing examples the integral between the limits is obtained 
firom the general integral previously found. But series have been 
determined for approximating to the value of the integral between 
limits without first finding the general integral. The investigation and 
application of these series, although an inquiry of considerable impor- 
tance, cannot be with propriety fully entered into in an elementary 
treatise like the present; we must therefore content ourselves with refer- 
ring the inquiring student to more extensive works on the Calculus, 
as the large treatise of Ldcroix, the second volume of Jephson^s Fluxi- 
onal Calculus^ and M. Levi/*s able article on the Integral Calculus, in 
the Encyclopcedia Metropolitana. 

(58.) We shall occupy the remaining part of the present chapter 
wiUi a few examples of the application of the Integral Calculus to the 
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Summation of Series. 

1 . Required the sum of the series 

fix 
Multiplying by we have 

dx 
8 — z^ dx •\' 2x dx •\- 3j^ dx -\' * , . *nx *— * rfjp. 

X 

Integrating this 

X 1 ~~" ^ 

The differential of this equation is 

dx dx — (« + 1) J?*< fcr -{-nx^-^ ^ dx 

* "7 — (1— ^")* ' 

from which there results 

(j? — n4- l)**+> + ii«*+" 

2. Required the sum of the infinite series 

*~ «H-1 "^ 2-3 (n + 3) ■*" 2-3-6(n + 5) "^ 

4-<fec. 



2-3-4-5'e*T(n + T) 
Since f Di/f. Calc, p. 29,^ 

e'=14-a? + — + — + -^^H h«fec. 

«^ *-r«^-r^ ^2-S^2-3-4^2«3-4-5^ 

^2 2*3 ^2-3-4 2 • 3 • 4 -5^ 

we have, by taking half the difference, 

11 a* x^ x'' 

2 2 ^2 • 3^ 2 • 3 • 4 •« ~ 2 • 3 • 4 -5 • 6 • T ^ 
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hence, multiplying by jr* ~ ^dx^ and integrating, we have the following 
expression for the sum of the proposed series, viz. 

y / e* . ««^ d» — y/^^ *"^ ^ = 






8-3-4 • 5-6 '7 (n + 7) 
But (30) and (31) 



4- dkc. =s«. 



—/«*«•*-» (toss: — e* {j?«^—(« — !)«••-* + 



(«— l)(«~2)a?«^ — <fec.} 
~/4r^4^«&=-y e-* {x--« + (« ^ 1) «*-« + 



consequently 

Ji 
2 



* = V^(*^'-(*~0«*-*+(n-l)(«-2)«*-«-&c.}H- 



i. «r-* {«*-» + (n — 1) ac*^ rf (n— 1) (n— 2) «»^ -{-&€.} 
Suppose n := 2, and j»= 1, then this equation gives s := e — *, therefore 

e 8 -71888. .. ""3 """y-a-fi^ 8 -3 •4' 6 -7 "^ 

4" Ac. 



2-3-4-5-fl-7-0 
3. To determine the sum of the infinite series 



11.1. 1 ,. y 



+ ^-r^ + 



P + 9 ;' + 2y'2 + 3y' /> + 

Let each term of this series be multiplie4 by the corresponding term 



of the series 



T-+» "T"*"* "T"*"* 
a? ' > « > ^ f Ac. 



and we shall have the new series 



THE INTEGRAL CALCULUS. 101 



— +1 — +« ~+S 

P + 9 P-T^ p-r^ 

which agrees with the proposed, when x^\. 
By differentiating this, we get 

±. JL+, JL+4 



= ; — ^ dx .\ S =z — / dje, 

i—x q^ 1— X 



consequently 



8 



' = — / dx% 



which is a general expression for the sum of the series^ x =r being, 
the origin of the integral, or the value for which it vanishes. 

Suppose /? =0, then the above integral is — log. = oo ; hence 

whatever be the finite value of q. 
4. To determine the sum of the infinite series 

1 1.1^ 

-I <fec. 



P-\-i P'\'M P-VM 

By proceeding as in last example, we find 






o(£S^(l — xArui^ — 0^^ + 07* — <&c.),r dxrsz--- — djc 



1+^ 

p p 



l/»d?9, l/^ia?*- 

.•.S = — / -J—— «?«.•.« = — / , , dx. 

qJ 1 +* hJ ® 1 H-a^ 

If we suppose /» = 0, this integral is — log. 2, therefore 

K 2 
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which we akeady know from other principles. (See the Essay on 
Logarithms, p. 3.) 
5. To determine the sum of the infinite series 

1 1 _ 1 



Let each term in this series be multiplied by the corresponding term 



in the series 



JL+i- J.+i JL+5 
« 9 , a 9 , »9 , <fec. 



and we shall have the new series 

-f+i -2-+. ^+s 

(;> + 9)w == (^p + 2f)n^ ^ (;» + 8y)m8=^ * 

which will agree with the proposed, when jr s= 1 . 
By differentiating this we have 

,- «*«&r, «* I*' .* 

gdS = ± 5 — 4- 3 — ± Ac. 

p 

m nr fn 

_£_ . ^ 

a?? , ^ 1/***.. 

= ''ao^.'.Sss — / — — — oje 

m ± a? . y*>^ m T a? 

p 



1 /» a?« 



6. To determine the sum of the infinite series whose general term is 

1 

(P + yi) (r + '«) (^ + w) ^c« 

n being the index of the term, or the number of its place in the series. 
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By examples 3 and 4 



1— y,/ iq 



JL -^+1 -^+9 -^+3 



fite =i ; ± -— \- — ± «fec. 



Multiplying this equation by 



0? * ' dx, 



and integrating^ we have 



r 



r p —+* 



X2 = — / X,x' ' dxzsz--- ~ 



(;> + 9) C»* + *) 



X 



ip -I- 2y; (r.H- 2*) 

Multiplying this by 



-I- <fec. 



« # 

X dx, 



and integrating, we have 



Xg ss — / X] X dx 



t 

1 ■ X* 



{p-^9)ir-^s)(t-\^u) 



X 

-\- «fec. 



(p 4- Stq) ($> + 2*) (^-^. 2«) 



and, by continuing this process, we shall 'obviously at length have, 
after m integiatifins^ an expression' X^ fbi; the sum ' of a series of the 
kind proposed^ of which) the denominator of '^ach term had t»t &ctors; 
obserri|ig-.t& take .the final integral between^lie limits, x'^isz -and « a: 1 . 
1 f th^re -ai^ but two foctoni m the denominatop of each teYm, that is ; 
if the series is 



+ i9\r ^o ^ + *<^- 



ip-h9)(r+€)^ (p + 99){r + 2t) ' (p -^ Sq) (r -{- Ss) 
then the general ex^pression far the sum is 
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' --2— I 



:.=l/x,*' • ax= 






i/.^-T-./^ 



<fd?y 



— r/cT. 
X 



which, by integrating by parts, becomes 

_r P_ JP_ _L 

*•"' r-^^^d, ? r— 

Now for x'= 1 the coefficient of the first of these integrals becomes the 
same as that of the second ; hence, between the limits x := 1 and x := 0, 
we haye 

When this general formula is applied to a series whose terms are all 

positive, then, it may be observed, the sum will be expressed purely 

r p 
algebraically provided be a whole number. For, putting 

r p 

— = w, the formula becomes 

5 g 

which is obviously algebraical, when m is a whole number, since 1 — x'*' 
is divisible by 1 — x (Alg. p. 162.) But, if the signs of the terms are 
alternately positive and negative, then, that the sum may be algebraical, 
m must be an even whole number, for in this case the formula is 



fsm c/ * 1 + * 
and 1 — *» is not divisible by 1 -f *, unless m is even. 
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We shall now apply the general fonnula (A) to one or two particular 
cases, where the summation cannot be effected in algebraical terms, 
because, when the series is summable algebraically, the new and easy 
method explained in the Algebra is, we think, preferable as well on the 
ground of its greater simplicity as of its greater generality. 

Required the sum of the infinite series 

' * 

1 • 2 ^3 • 4 ^5- 6^ 

which agrees with the proposed form. 

Here p = — 1, 9 s= 2, r^ 0, s = 2, andior these values the formula 
(A) becomes 



or, putting y for * 



1 ri «"■*— 1 ^ 



-/■Tff='-'- 



Required the sum of the series 

1 1 , , 1 i . - 

S SS •— -— -— -1 ■- ■ Urn 4KC. 

1*4 2 '-6 ^3-6 . 4 • 7 ^ 
Here p=:0, 9s: 1, r =s 3, 5 = 1, iso thdt in this case &e formula is 

'^TJ oi+a- 3 J 1+* ' 
the general integrals are 

log. (1 + *), and Y — — + — « log. (1 -f- *) 

2 6 

..., = - log. 8--. 

Required the sum of the infinite series 



1-8 3 • 5 • 5 • T 
Here pss. — 1,^^2, rs=l^s=5 2, therefoce ihcf formula is 
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, putting ^ for r 



"" 2 J • l + y« 2 2c/ ® 1 -f y* 

</y 1 ir 1 



-/ 



1 +y* 2 4 2 



We might now proceed to deduce the general expression for the 
series, when there are three fectors in the denominator of each term, and 
then when there are four factors, and so on; but all this would occupy 
much more space than can be devoted here to these matters. We 
must refer, therefore, for these particulars to Clarke's translation of 
Lorgna*8 Method of Series. Wi^out, however, deducing formulas for 
the summation of the various classes of series, included in the very com- 
prehensive form proposed in th^-^^esent example, we may obviously 
apply at once to any particular series the process of Lorgna, above . 
exhibited, and it is this indeed that is usually done. Let it be required, 
fpr instance, to sum the infinite series 

g zss — H h <KC. 

1.2.4 2-3«5^3«4*6^ 

Here we know that 

1H-* 2^3 4T*''* 

Multiplying by dx, and integrating, 

* J J 1+* 1*2 2'3^3-4 
Multiplying by xdx^ and integrating 
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Now, by the integration by parts, 

S'^St^ = ' ^^«^- (^ + '> "J-vh^^^ 

(d?4-l)log.(l+x) — * 

.-. X,=/a (« + 1) rf* . log. (1 + «>— /4f»(tr = 
(3--hY)log.(l+x)---y (_4.^)__ 

=<T + T-T>""f- <» + •>— r-li + T 

The results of these integrations need no correction, for they all vanish 
when ^=0, as they ought, since then Xi, X„ X„ are each 0. For 
j: = 1 the last expression becomes 

3 * 30 

which is the sum of the proposed series. 
We shall now pass to other methods. 

7. Required the sum of the infinite series 

3« , 3«-5« . 8«-6«-7« . , 



4* • 6 4* • 6* • 8 ' 4* • 6* • 8* • 10 

By example 2, page 96, 

/I x*»rfx 1'3'5.... (2w — 1) TT 
<> >/l__^ "~ 2 • 4 • 6 2» ' T 

Hence, if we assume 

IT 2-3 /» a?^rfj 2*3'5 P _j^dx 

2 • 3 • 5 • 7 /* x« rfa? 



'3-5-7 /* j» 

• 6 • 8 • 10,/ v'y 



^.__,,. , , , + Ac. 



and take the integrals between the limits j:=0 and x= 1, we shall 
have the sum of the proposed series equal to s. 
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By diiferentiatiDg we get 

^ ^ r\ • 2 • 3jp* , 2 • 3 . 5x« , 2 • 3 • 5 • 7a« 

or, multiplying by jt*, and dividing by 4, we have 

TT ds x^sj \^^ _ 3>P« 3-5j« 3 - 5 - 7x'o 

2"*S* 4 ""2-4-6"^ 2 '4 -e-S "*" 2-4.6-8 • 10 "*" **^* 

but we know that 

/- ' , a^ X* 3*« S'fia-* 

V 1 — i2= 1 — - — ———; — 



2 2*4 2*4*6 2 •4 * 6 • 8 



3 • 5 • 7a*<^ 
T"- 4 • 6 • 8 • 10 

hence, by addition, 



^ 



v ds a W 1 - 
2 *<to' 4 


-x« 


, ^ ^1 


+ ^^ '•-' 1 ..f 


, consequently, 






TT 4rfa7 




idx a* </x 4rfx . 


2 x^Vl^ 


x« 


\/l— x» 2>/l— x« ^* 



therefore, integrating the differentials on the right, we find for their sum 
the expression 

4 — 4 Vl — r» 1 . , .1 /- 

X 4 4 

which between the proposed limits x = 0, j: = 1, gives 

TT ^ 1 TT 8 1 

-— «=:4 -..—-... «= 2— = • 296479 

2 4 2 9r 4 

This question is taken from Let/bourWs Repository , No. 20, and the 
following elegant solution to it is given by Mr, Mason, in No. 22 of 
the same valuable work. 
By development 

I X* 3x* 3 • 5x* 

>/lZr^ 2 ^2-4^2-4-6^ 
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Multiply by dx, and integrate^ and we have 

' . . . r» . 3x* . 3 • 5xT . 

xdx 
Multiply this by , , and take the integrals on both sides between 

V 1 X* 

the limits j::=0, i' = l, and there results 

2 2 ^ 2«-4 2 ~ 2«-4»'6 2 ^ 



Hence 

V"^^ — 4»-6 "^ 4«-6«-8 "^ 42 • 6* • 8* • 10 "*" **'* 
8. Required the sum of the infinite series 

» - + I + 



18-32r5« «* • 3«-5»-7« (» + 2) 

4- <fec. 

5*-7«-9« (» + 4)«^ 

n being any odd number whatever. 
By (34) 

/o . -. 2'4*6... .w — 
sm.* xdxss — — — - — 
jr 3 • 6 • 7 . . . .« 



2 

Hence, if we assume 

dx 

+ 4) 

3* • 5 */sin.«+* a: dx 



_ /sin." X dx /8in.«-H^xrfx 3«/8in.«+^x ax 

~2-3-4.-..» "*"2-3-4...(« + 2) "*" 2 -S- 4 . . . (» ' ^^ "^ 



2'3-4...(»-f6) 



-f &c. 



and take the integrals between the limits jr=rO, j: = — , s will be the 
sum of the proposed series. 
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By differentiating, we get 

ds gin.» X 8in.«-4-»jf 3^ giii."+< x 

5i"2-3-4 « "^ 2-3-4...(«-|-2) "^ 2 • 3 • 4 • . . («4-4) "^ 

8*-5»*8iii."+«x . , 
2-3-4...(«-f-6) ^ 

and if we differentiate this result n — 1 times successively, we shall have 

, , ,ds^ ., . sin.' a? . 3«sin.»x . 3« • 5* sin."' x 

^djc ^ ^ 2«3 ^2-3-4-5^2-3-4-5-6-7^ 

Ac.} (d sin. «)"—'. 

Now the series within the brackets is known to be equal to jt, {Diff. 
Calc. p. 37); hence, by integrating, 

•T- :=/•—* X {d sin. i)*— * 
.'. * = /^ ^ /*"* a' (^^ sin. x)"-* rfjT, 

which is the general expression for the sum of the proposed series. 
Suppose n = l, then 

' =/i "" = T <T> -' +i + ^ + ^ + *'• 

Again, let n =: 3, then 

s=J^ ^ Px (d8m.xydx= J^lf(xsin,x-^ 
"a" T 

COS. OP — 1) rf sin. xdx^ 

/o I • 3 J 

^ (y i8in.*x +•— sin.jTCOs. ar-f ■— X — sin. x) rfj = 

T" 

4^2'' 2 
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1 jr_ 1 _ 1 1 1 

and so on.* 

9. Required the sum of the infinite series 

1 2 3 4 ^^ 

* — y — 21og.2. 

10. Required the sum of the infinite series 

t = '• 1 <fec. 

« = — H loir. 2 • 

12 ^ 6 *^ 6 

1 1 . Required the sum of the infinite series 

s ^ 1 <fec. 

2-2 3 -4 ^4 • 8 

ff = 1 -f 2 log. 2 —2 log. S.f 
12. Required the sum of the infiYiite series 

1 2! 1»'3» I» ' 3» ' 5» 

22.42 ~r 22 •'4''* -6=* "• 2*' 4* • tt* • 8* 2*'4*»6'' 8'- 10^ -fare. 

_ 32 13 

* "" 2T7r ~" 36* 



* The mode of solution employed in this and in the former example, 
and which consists mainly in assimilating the proposed series to a serie? 
of integrals, taken between limits and multiplied by constant factors, is of 
extensive application, und will be found to succeed in many classes of series 
too complicated to be readily summed by the usual methods. It is proper 
to mention here that Mr, fFoolhouse, of North Shields, was the first, as 
far as I know, who applied this very general and elegant method to series^, 
and that the above example was proposed by him in the Ladies* Diary for 
1830, shortly after the publication of which I forwarded the above solution 
to the Editor. 

t For the summation of a great variety of other series, see Clarke's 
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SECTION II. 



ON RECTIFICATION, QUADRATURE, AND CUBATURE. 



OBAFTBlt Z. 

ON THE RECTIFICATION OF PLANE CURVES. 

(59.) It has been shewn in the differential calculus page 124, that if 
rrepresent any arc of a piane curve, then 






or 



X and y representing the coordinates of one of its extremities. Hence 
to determine the general relation between s and x, we must integrate 
this expression, so that 



-p 






or, if we interchange the axes to which the curve is referred, 



=/^^+^-*'- 



Either of these expressions may be considered as a general formula for 
the length s of any arc of any plane curve, referred to rectangular coor- 

■ ■■■ " ■■■ i » — 

translation of Lorgna; Wright's Solutions to the Cambridge Prohlemsy 
vol. 1 ; and Young's Treatise on Algebra, 
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dy dx 

dinates, — being a function oix, and -- a function of ^, equally depend- 
dx dy 

ent on the equation of the curve. 

If we take any proposed curve, and substitute in either of these for- 

dif dx 
mulas, instead of the general symbols -^ , — , the particular function of 

dx dy 

X or of ^, given by the equation of this curve, the expressions for s will 

then become less general, since they will be restricted to the arcs of the 

proposed curve; but they will still be indefinite, since nothing as yet 

fixes the arbitrary constant which they each involve. If, however, we 

fix upon any point in the proposed curve from which the arc is to be 

measured, then we at the same time fix the value of the constant, for at 

that point s = 0, so that the the expression for s belongs only to the arc 

commencing at the given point, and terminating at the point {x, y.) 



EXAMPLES. 

(60.) 1. To determine the length of an arc of a parabola measured 
from the vertex. 

The equation of the curve is 

« .. da^ V 

dy 2m 

hence 



and, by (17), 

consequently 

* =^1 ^ + m log. (y + Vy2-i.4m») + C. 

Since the arc commences at the origin; therefore when ys= Of 5 1=0 
that is 

SB m log. 2;n -)r C 

12 
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.•. C=B — mlog,2m 

•••* = iS + "•><«•{ ij;;^ } 

which expresses the length of any arc of the parabola measured from 
the vertex, in terms of the ordinate of its other extremity. 

If instead of being supposed to commence at the origin the arc com- 
menced at a point of which the ordinate is b, then the constant would 
be determined by the condition that s = when i/ = b, which condition 
would give 



C=:-[ 



-^ h m log. (b -f. V^-f 4m«)} 



so that the length of any arc measured from the point ^ = 6 is 

g ^ _ — „ -|_ m log, J. 

which, when 6 = 0, becomes identical to the former expression, as it 
ought. 

It appears from this example that the length of any arc of the com- 
mon parabola may always be expressed in finite terms, although the arc 
is not in strictness rectifiable, since the expression for its length involves 
a transcendental quantity, which cannot be expressed numerically in 
finite terms. There are^ however, an infinite number of parabolas of 
the higher orders which are completely rectifiable; we shall determine 
the general equation of these in the next example. 

2. To determine the class of parabolas which are rectifiable. 

The general equation of parabolas of all orders is 



dv n ~ 
t^ := a«" .*. -7-= — * 
dx m 



* 
— —I 



,2 « 



By referring to the criterion (19), we find that for this integral to be 
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'wholly algebraical and finite, we must have the condition 

n 

1 -f- 2 ( 1) =: a positive whole number, 

m 

therefore, calling this whole number w, we have 

n 1 -f 2m; 

m 2w 

so that the curve will always be rectifiable when one of the exponents 
is an even number (2w?) and the other exceeds it by unity, or when they 
are equimultiples of such numbers. 
3. To rectify the circle. 
The equation, accordingly as we assume the origin at the centre or 
at the circumference, will be 

y« = r*— 1* or y* = 2rx ~ i*, 

and the expression for s will therefore be either 

or * = r / , i 

both of which involve circular arcs. The circle is not therefore a rec- 
tifiable curve. Either of these integrals may, however, be developed 
into a series, and thus an approximation to the circumference obtained, 
but a very convergent series for this purpose has already been investi- 
gated in the Differential Calculus, page Z7. 

(61.) 4. To rectify the ellipse 
Tlie equation of the curve is (Anal. Geom. p. 101,^ 

dx >/x2 — «« ,/ X* — a« 

— J ax = a i — , ax\ 

Va« — x« ^ Vl — x'* 

X 

j/ being put for — . 

a 

This integration cannot be effected in finite terms, but the integration 

by series has already been given at length at page 86. Suppose a 
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quadrant of the ellipse is required, then the arc to be rectified com- 
mences where jr = 0, and terminates where x= a; and between these 
limits the series referred to becomes 



2 ^ 2 • 2 



1*1*1*3 
2- 2 -4 -4 



2 • 2 • 4 • 4 •6-6 



t^ — <fec.}, 



TT 



/I 

which, therefore, expresses the length of the elliptic quadrant, — being 

the circular quadrant whose radius is a, the semi-major axis of the ellipse. 
Hence the whole periphery of the ellipse is found by multiplying the 
circumference of the circumscribing circle by the series within the 
brackets. 

Suppose, for example, it were required to find the periphery of the 
ellipse whose semi axes are 12 and 9, 

£« = ! = 1 - = -4375 



a" 
Then the second term, A, := 

third B, = 

fourth 



42 



fifth 



sixth 



seventh 



eighth 



E,= 





4 


3t« 


4 


• 4 


3 


• 5£« 


6 


• 6 


5 " 


T£« 


8 


• 8 


7 • 


9£2 


10 


• 10 


9 • 


ll£« 


12 


• 12 


11 


• 13£« 



= 1 • 10938 



A = 



00897 



B = • 00164 



C = • 00039 



D=: 



F,= :^ -\\ E = 



' 14-14 

Sum = 



OOOU 



00003 



00001 



12053 



and this, taken from the first term of the series, 1, leaves • 87947 which 
multiplied by 3 • 1416 x 24, the circumference of the circumscribing: 
circle, gives 66 . 31056 for the periphery of the proposed ellipse. 
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The foregoing series for the rectification of the ellipse, which is that 
usually given, is not so convergent as might be wished when the 
ellipse differs but little from a circle, in which case € diflfers but little 
from unity. We shall here, therefore, investigate another and more 
convergent series for this purpose. 

If a circle be described on the major axis of an ellipse, and the 
ordinate of any point be produced to meet the circumference, then the 
abscissa x of the same point will be the cosine of the angle subtended 
by this line at the centre ; hence, calling this angle and taking the 
tabular cosine, we have j: = a cos. 0; hence 

Va^ — e«i2 >/l— €*cos.»0 ^ 

■ — — ox ^ ■- - — a a cos. 0, 

V a* — 3^ V 1 — COS.* 



or smce 



d cos. = — sin. <f0 = — v 1 — coi.* . rf0 



>/ «» — aJ» 



rfx = — a >/ 1 — €» cos.' . d0, 



or putting for cos.'0 its equal i -j- i cos. 20 ( Gregory^ s Trig. p. 46, J 
&e expression for the differential of the elliptic arc becomes 



I «* €* 

— aNl — — .-— cos. 2 . rf0, 

of which the integral will be s, the length of the arc. This expression 
will take a convenient form for development if we determine a' and h', 
so that it may be identical to 

— a >/ a'* 4- 6'« — 2a!b' cos. 20 . rf0. 
The equations for determining a' and 6' are 

a'* -h *'« = 1 — 4" *"^ 2a'6' = -^ , 
whence 

a'-f 6'=1, a'— 6' = >/l — €«.-.a' = 

2 ' * = 2" 

We have then to develop the expression above in a series of terms 
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convenient for integration. Since (IHff. Calc. p. 30,^ 

2 COS. = e^"^-^ -f c-<^^^, 
it follows that 

a'^^b^-. 2a'b' COS. = (a' — dc^'^^^) (a- *^^^~> ; 

therefore, developing the nth power of each factor by the binomial 
theorem, we have for 

(o'« + *^ — 2a'*'co8.0)» 
the product of the two series 

an {1 -„ :^ ^^^i + iL^;L=i> ^^0^^ri _ 

.* of ^1*2 

n(«-l)(n~2) 30Vn . ^e.} 
1.2-3 ^ ^ 

and 

•■ a' 1 • 2 

which product we find by putting 2 cos. mtft for its equal 
to be 

<fec.} — 
^a in-^-^n. 2 «3 ^ 2 2-3 a''^ 

<feC.] 003. + 

P cos, 2 4- Q cos. 3 4-1^ COS. 4 + <fec. ; 

hence, multiplying by — c?0 and taking the integrals of the several 
terms between the limits =: tt and = 0, all vanish but the first 
term, the integral between the proposed limits being 
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TT a 



3tt 



{i+»'7^4 



fc'a «2(n — 1)« b'^ , «»(«— l)«(n — 2)« 6'« 



i;5+<fec-} 



therefore when n = i we have for the semi-periphery of the ellipse the 
series 



^«{1+^ -7^ + 






2« o'* ' 2* • 4* 



v6 + *fcc.}. 



a 



The coefficients in this series obviously converge faster than those in 
the series first given, and moreover 

K. — ^ " '^^—^^ _ 2 >/ 1 — e'^ — 2 



+ 1 



is necessarily always smaller than e. 

The foregoing investigation is taken with slight modification from 
Mr. Ivory^s paper on the Rectification of the Ellipsis in the Edinburgh 
Phil. Trans., vol. iv. 

A series for the rectification of the hyperbola may be obtained in a 
similar manner. 

(62.) 5. A given circle rolls along a given straight line always 
remaining in the same plane; it is required to determine the length of 
the track described by any point P in its circumference? 

The curve P, F, P", P'", thus generated is called a a/cloid, and in 
order to determine its length we must first find its differential equation. 

Let P'"P, P'"Y be the axes of 
reference; then, taking any point 
P" in the curve and the corres- 
ponding position of the generating 
circle, it is obvious that the straight 
line MP'" must be equal to the arc 
MP"; hence, calling the tabular 
angle corresponding to this arc w, 

we have 

P"'N = P'"M 
or 



— Y 




also 



NM, 
x = rctf — rsin. u) .... (1), 

F'N = CM — CD 



or 
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y=r — rcos. <u .... j(2). 
dxr=z(r — r COS. w) dta =y du), 



From (1), 
from (2), 



</y:^r8in. mdia 
dy r sin. <■> 



but since by tlie circle r sin. (u or P"D is equal to w iry — y, we have, 
by substitution, 

dy >/ 2ry — y' I 2r — y 

dx y N y 

for the differential equation of the cycloid. Hence 

' =/^'"^ • '^ = S^^^, ■ "^ = ^ -/;^= 

2N/2ry-|-C. 

Considering the curve to commence at P'" we have s = when 3/ = 
/. C = 0. From the commencement P"' to P' the middle of the curve, 
and at which point y = 2r, we have s = 4r, so that the whole length 
of the cycloid is equal to 4 times the diameter of its generating circle. 
The equation of the cycloid in terms of x and y is very easily 
obtained as follows : 

P'" N = P" M — P" D = sin.-» F' D — F' D, 

that is, since F'D = N/2ry— /, 

x = sin.— *n/ 2ry — y* — n/ 2ry — y», 
or, which is the same thing, 

X = versin.—* y — v 2ry — y", 

the radius of the arc being r. 

Again 

P'N = DM=r — CD=r — cos. MF', 

that is, since MF'= DP" + NF", 

y = r — COS. ( V 2ry — y* -j- x), 



THE INTEGRAL CALCULUS. 121 

which is another form of the equation, and either of these being diffe- 
rentiated will furnish the same differential equation as that above. 

If the origin of the coordinates be at P', the vertex of the curve, the 
axes being FY, FQ, the equation is found with equal ease, for since 
the ordinate N'P", which is always negative, is 

N'P" = FC -h CD = — r -^ CD, 

and CD = — cos. FP"; but FP" = FF or MQ, since the whole 
semicircle is equal to P'"Q or YP', also FF = N'F — N'F; hence 

N' P" = — r + cos. (N' ?'— N' F) 
or 

2/ = — r + COS. (x — V — 2/y — y*). 

In this equation j: is of course negative for that half of the cycloid 
to which our reasoning here is applied, and it is positive for the other half. 

It is a curious property of this curve that its evolute consists of two 

inverted semi-cycloids, each equal to half the proposed cycloid. It 

is worth while to prove this. 

dy 
Representing as usual — by p', we have, by differentiating the 

ax 

expression (3) with respect to Xy 

dy dx y* 

and if «, /3, represent the coordinates of any point in the evolute 
corresponding to (t, y,) in the involute, we know (Diff* Cole. p. 139,^ 
that 

that is 

a = x + 2>/2ry — y«, /3 = — y, 

from the second of -these we get 

x=«--2>/ — 2r/3 — i3*, 

which values of x and y substituted in one of the foregoing equations 
of the curve, the last for instance; give 

M 
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/3\= — r -f. COS. (— -/— 2r/3 — i3« +a), 

and this equation agrees exactly with that of the proposed cycloid when 
the origin of the axes is removed from P'" to the vertex P; hence, the 
evolute of the semi-cycloid P^'p is an equal cycloid^ P'"Q' having its 
vertex at F", and consequently one extremity of its base at Q', FQ' 
being := 2P'Q; also, the curve being symmetrical with respect to the 
axis FQ', the evolute of PF must be a semi-cycloid PQ' symmetrical 
with the former. 

6. To determine the length of the arc of the parabola whose 
equation is ^ = ns^ between the limits jt = 0, jt = a : 



Sn ,9 



Sn 



s 






7. Required the length of the curve whose equation is 



from xzssO to x:^a, 



= -r «* a?3 . 
2 



8. Prove that in any plane curve the length of the tangent at 

any point {x, y) is 

ids) 

the independent variable being arbitrary. The upper sign obviously 
has place if both s and y encrease^or decrease together, but the lower 
sign, if one, encreases while the other diminishes. 

9. To rectify the tractrix of which 
the figure is given in the margin, and 
whose characteristic property is, that if 
from any point P in the curve a tangent 
be drawn, the part PE between the point 
and the axis AX is equal to the constant 
quantity a = AY, 




«:=alog. 



a 



THB INTEGRAL CALCULU^. 



123 




10. To determine the length of the 
curve whose characteristic property is 
such that a line sfp drawn from the foot 
of the ordinate, perpendicular to and 
terminated by the tangent PR, is equal to 
the constant quantity a = AA': 

This is the catenary or curve formed by a heavy and perfectly flexible 
chain, suspended by its extremities 

(63.) Let us now determine the formula for the rectification of a 
plane curve when it is referred to polar instead of rectangular coordi- 
nates. 

We know by the formulas for changing the independent variable, 

dy (^) 

(Diff. Calc, p. 98, J that—- is the same as 77-r, the independent 

ax {dx) 

variable in this latter coefficient being any whatever, so that the formula 

at the head of this chapter when put in its moist general fonn^ A9 indeed 

we have given it at page 125 of ^e Differential Calculus, is 

therefore, when the angle w between the radius vector and fixed axis is 
taken for the independent variable, the formula is 



* =>l 



dot 



da^ 
dio^ 



+ 



da>^'' 



but (Diff. Calc, p. 137,^ 

dy , dr . dx , , dr . 

-^ = r co«. w + -r-sm. w, —- = — r sin. « + -j- cos. w ; 
dot d<M> dti) aia 

hence, by substituting th^ge values in the foregoing expr^*«ion, we have 



=/j 



r'-f 



rfr« 



rf(U» 



• diti • . * • (I)* 



ds 



(64.) It is worthy of remark that the foregoing expression for — 
is the same as that for the length of the polar normal FN; for the 
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dr 
expression for the subnormal FN is —- , (Dif, Calc, p. 118 J con- 
sequently 



FN = n/fN« -h FP« = Nr*+^2. 

If from F we conceive a perpendicular 
to be demitted on the tangent PR, and 
call the part of the tangent intercepted 
between this perpendicular and the point ^ 
of contact t, then 

PN:FN::FP:<, 

that is 

dU dr 

— • — •••••/ 

dia dia 

dr 
ds db> 




duf t 

or, considering the independent variable as arbitrary, {fiiff* Calc. p. 98^) 

EXAMPLES. 

(65.) 1 . To determine the length of an arc of the logarithmic spiral. 
The equation of this spiral is r =i a , 



dT df 

.'. -T- =log. a'a"'=log.aT.'.rfa»=r 



hence 



fiTctf ^ J° r log. a ' 



'=/^'^ + S-^«=/^^+T3i^-'''- 



log.' a 
= r sec. Z. F + C; (see p. 118, Dif. Calc,) 
Ifl he arc is to be measured from the pole, then the length between 




tHil IKTEOltAt CAlXV^fiSi 

the pole and the pomt, whose distance fronj ^t is r, will be r sec. Z F ; 
but if we require the length ^ the arc comprised between two points 
distant r' and r from thg pp]e, the e?pjre.§isi9n wjU fee (r^- r^ sec. F. 

2. To determine the length of an arc of the spu-al of Aicbwp^es. 
The equation of this spiral is 

i^r dr 

a<a a 

.*. « = — / Vr* 4- tt* • <''*• 

This integral is the same as ihat expcessiag the arc of a parabola found 
in art. 60; hence 

2a . x a 

If the arc comme»cp .at Jhe pole, ^^n «.==:jO when r =? . • . C = 0. 

3. To determine the length of the involute of the circle. 
Th? inyplijte may be desp^b^ by th,e 

uji^windi^;^ .(^.a strii^ irom thje ciicprn^' 
ference ABC ; aa^ since m .eyery pQsi.tji9i9 
CP it will be tangent to i}ie <jir^e and 
normal to the curve AP, {Di^, Cdk- p. ,14il,) 
it follows that OR parall€;l ip CIP will be 
perpendicular to the ta^i^n^ PI^ ancj 
therefore RP = OC = a; h^ftS; by ^\^?i 
tion (2) above, 

a 
Now when r:=sas= QA, then s ^ .* . C = 




2a 20C 

the length of ^y arc AP. 

4. To determine the length of an arc of the reciprocal spiral 

1 
r = — , commencing at the pole 
(a 

M 2 
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— VT+P ^ log. 



— 1. 



5. To detennine the length of an arc of a curve whose polar 
equation is 

r = 2a (1 + cos. w); 

the arc being comprised between two points at which cu = and a» =s tt 



CBAPTSIt XX. 



ON THE QUADRATURE OF CURVES. 

(66*) Let us now seek an expression for the area of any portion of a 
curve surfeee situated in a plane, and for this purpose let us first 
determine the differential expression for a plane surface. 

In the plane curve surfoce ABCM', any 
portion ABM is obviously a function of the 
coordinates AM MB, or simply of the 
abscissa AM, since both the area and the 
abscissa always vary together, and we are now 
to find the general expression for the differen- 
tial of this function. 

Take any increment, MM' = A, of the abscissa, and draw the corres- 
ponding ordinate M'C, and then complete the parallelograms BM', 
CM; bC will be the increment k of MB, and it is obvious that the 
increment CBMM' of the sur&ce is always between the two parallel- 
ograms however we diminish the increment MM'; if, therefore, the 
ratio of these parallelograms could ever be that of equality, the ratio of 
the corresponding curvilinear increment to either would also necessarily 
be that of equality. 

The ratio of the parallelograms is always 
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yh 



(y-hAr)A y -f Ar ' 

and in the limit, that is, when A = and consequently /c = 0, it is 
simply 

y 

■ 

which being a ratio of equality it follows that in the limit 



that is 



y* -1 

CBMM' "" ' 

y dx 

—r- = 1 f'»d » area s^ydx 

d . area 



If the axes of coordinates were oblique, then, calling their included 
angle 0, the area of the parallelogram M6 would not be i/h but sin. ^i/h ; 
hence, in that case, d . area = sin. ipi/dx^ 

.*. area = sin. 0/y dx. 

We shall now give a few applications of these formulas. 



EXAMPLES. 



(67.) 1 . To determine the arc of the paiaboU' 
y^ = ax ,\ 2y dy ^=s a dx 



2 



— A.-^— 1. 




.'.u^^fydx^^fy^dy^ ^ ^ ^ 

hence the area ABC is equal to two thirds of the parallelogram AB, 
or the whole area BAE equal to two thirds of the circumscribing 
parallelogram BD, so that this curve is accurately quadrable. 
2. To determine the area of the circle 

y = Vr' — «*.•./ y dx =/ V r* — x* . dx, 
developing the radical, we have 
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xf 




u s: fx — — ■ — ' ■ ^— &c. 

2 'Sr 2 • 4 • 5r» 2 • 4 • 6 • Tr« 

This between the limits jr=0 and x=^i will, 
supposing the radius to be unity, give a portion AB ^ -^' o 
of the semicircle bounded by an asc BC of 30 degrees, firom which 

portion, if we take the triangle COA = we shall have the sec- 

8 

tor OBC the twelfth part of the circle. But, for the actual computa- 
tion of the area, the series given at page 37 of the Differential Calculus 
for the circumference, has the advantage of much greater convergency 
than that above. 

(68.) From the foregoing integral expression for the area it appears 

, . 4hat although the integral/ v r* — a/^ dx cannot be accurately expressed 
in finite termS) yet it may always be supplied by a circulaj area AB, 
the sine of the bounding arc being OAsc jr; the sine of a similar arc to 



X 

this, but of radius unity, instead of r is — ; therefore, since similar parts 

r 

of circles are as the squares of their radii, the above area will be equal 

v 
to r* times a circular area to sine ~, the radius of which is unity. If, 

p 

therefore, a table of semi segments CBD were calculated for all values 
of DC, from DC = to DC===0 £?= 1, such a table would greatly 
&cilitate the calculation of definite integrals of the above form, for it 
would then be merely neeessary to add to the tabular number the rec- 
tangle D A, and to multiply by r'. If the origin of the axis had been 
placed at the extremity F of the diameter, then the integral expressing 

the area would have been/ v 2rj: — j^ . dx^ whichp as above, may be 
expressed by a circular area of radius unity, so that 

/ ■ ■■' .1 ' ■ ■ 1 a? 

/V r* — d^'rfxssr* X -rr circular zone, sine = — 

2 r 

f I . I n 11 \ gi> 

S V 2r* — a-^ • dx = r* X -r- circular segment, ver. sin. -=?. — * 
* 2 T 

By reference to the figure it will be fiirther obvious that these expres- 
sions are the same as 

/ n/ r« — «* • rfjp = -i- r» 8h).-» — -f 4- * >/ r« — «« 

J 2 r 2 
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f s/ 2rx —x^* dx =: ^r^ Yersin.-^ — . (y — x) ^/2rx--x* 

2 I". 2 

the first being the sector OBC plus the triangle OCA^ and the second 
the sector OCT minus the triangle OCA'. 

3. To determine the area of an ellipse 

«=: — Va* — r* 
a 



b t 

'*»fy dx^sz — / ^tt* — ^ * dx\ 



but as we have just seen f^/a^ — .r* . dlr is the expression for a cir- 
cular area whose radius is a, it follows, therefore, that if a circle circurn^ 
scribe an ellipse, the area of the ellipse will be to that of the circle as 
the minor axis to the major; we have then only to multiply the area of 
the circumscribing circle by the minor diameter, and to divide the 
product by the major diameter, and we shall have the area of the ellipse. 

4. To determine the area comprehended between the curve and 
aisymptotes of an hyperbola. 

The equation of an hyperbola between the asymptotes is {Anal. 
Geom. p. 120) 

«y = — 4— ' 

the axes ON, OK being inclined at an angle 0; hence 

a' + 6' dai 

sin. 0y dx = — ^ — ^* "T 



.'. w = — - — sm. 6f — ^ 

4 X 



X 



sin. log. x-^- C 



If tlie area be supposed to commence when x = 1 
then C = 0, and the expression for the area in- 
cluded between one of the curvilinear and asymp- 
totic legs, measured from this point, will be 

a* 4- b^ 
u = — - — sin. log. X . . . . (1). 

Let L be the point of commencement, that is, let OL represent unity, 
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then since the ifaombus OB is 

OB* sin. = — -7- — sin. 6, 
4 

the coefficient of log. x in (1.) is simply sin« ^, because, by hypothesis, 
OB ss 1 ; hence then the hyperbolic spaces BM, BM', &c, will be gene- 
rally represented by • 

tf ^ sin. log. X. 

so that, if OM, OM', &c. represent any series of numbers agreeably to 
the scale 0L=1, the spaces BM, BM', &c. will truly represent the 
logarithms of those numbers taken according to that system whose 
modulas is sin. ^ to radius OL; and thus, by varying the inclination 
of the asymptotes, innumerable systems of logarithms may be repre- 
sented by hyperbolic spaces. If we wish to represent in this way 
Napier's system, called usually hyperbolic logariAms, although in 
strictness every system has equal claims to such a designation, we must 
make sin. 03=1, that is, die hyperbola must be equilateral. If we 
wish to represent Briggs's, or the common system, we must make 
sin. = • 43429448* , .'. = 25°, 55*, 16'. 

5. Let AFBF be a given circle, and AB a diameter; let the radius 
OT revolve round the centre O, and let OP be always perpendicular to 
OT, meeting TP drawn parallel to AB in P. Required the equation 
and quadrature of the curve which is the locus of P. 

Take the centre O for the origin, the k_ 
fixed line OB for axis of .r, and the per- 
pendicular OF for axis of y. Put the 
radius OT=a; then, by similar triangles 
OPG, TOP, we have 

0G» : PG» : : 0T« : Opa, 
that is, 

y*. : a« : : a« : r« -h y« 
whence 

a* X* =r X* y* + y* 

* For the determination of this number, Hee my Essay on Logarithms, 
page 8. 




\ 
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• m X •v^ 



- y* 



— r 



a* — y' \/a' — 2/* 



the equation of the curve. When a: = 0,^ = 0, therefore the curve 
begins at O; when y=±a,x=oo; hence the two tangents HK, ML 
are asymptotes to the curve. 
For the quadrature we have 

r r r ^T^^y 
u =/a: dy =/ . > 

Va2 — y2 



this integral, by page 45, is 



~ a . arc 



AT— yy >/««— y« + C. 



As the curve begins when y = 0.*.C = 0, and from this to y=:a, 
between which a fourtli part of the curve must be described, since the 
revolving radius will have passed through a quadrant, the area will be 

-—- a . arc AF ^ quadrant AOF, 

and therefore the whole area included by the four infinite branches of ' 
the curve, and the asymptotes HK, ML is equal to the area of the 
circle AFBF'. 

6. Let ABC be a right-angled triangle, whose base AB is given, and 
in the variable hypothenuse produced, take CP, such that AC . CP 
may always be equal to BC*. Required the quadrature of the curve 
which is the locus of P. 

Let BX, BY be the axes of reference, and put . 

AB = Of, then we shall always have y / 

and, by similar triangles, 

AD : AP :: AB : AC, 

that is, 

a + X : V(a + xy -f- y« : : a : 




a 



AD 



AP 



BD 



a-j;- X 

CP, 



^(^a + xy+y^ 
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that is, 

AD : DP :: AB : BC, 

that is 



a + X ; y : : a : 
hence, by hypothesis, 



ay . 



a 4"* 



from which we get 

ax -f- ** 

V flW?— X* 

the equation of the curve. When x = 0, y = 0, and when x is negative, 
1/ is imaginary, ,*. the curve begins at B; when jr= a, y = 00 ; hence, 
making BE = BA, the perpendicular through E will be an asymptote 
to the curve. 

For the quadrature we have 

Sydjcz=. I 4- / 

t/ Vax — X* «^ vax — x* 

zsz — a^ versin.— * (-- a + — ) v ax — x* (see ex. 5, p. 48), 

9 a 4 ^ 

the correction C is 0, because the integral ought to vanish for a- = 0; 
hence, when a- = a, we have 

w = — a' versm.— ' 2 = — . — (--- versm.— • 2), 

JS A i A 

the quantity within the parentheses is obviously the length of the semi- 
circle on BE; hence the area of the infinite space between the curve 
and asymptote is equal to 7 times the circle on BE. 

7. ACB is a given semicircle, CD any ordinate; join AC, and draw 




A Gr D U 
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DP perpendicular to AC. Required the quadra- 
ture of the curve which is the locus of P. 
Draw CB, and put AB =: a, AD =: z, then 

CD = s/az -— 2«, 
and {Young* s Geometry y p. 91), 

AB : AD :: CD : PG, 

that is, 

o : 2 :: s/az — 2' : PG^ — *Jaz — s* = y, 



a 



also 

AB : AD :: AD : AG, 

that is. 



2» 



a \ z '.*. z : AG = — = x. 



consequently 



2 . 2 t f 

/y rfx =— / at* rfx y aa? — «• = —/x rfx V a — x. 



a* a" 



This integral satisfies the condition of integrability at art. (21), and, if 
taken between the limits j: ^ and jr = a, values for which y becomes 
0, and beyond which y becomes imaginary, we shall have, for the area 
of the whole curve, 

« ^ ~ semicircle ACB. 

8. To determine the area of the catenary. 
In this curve we have found (ex. 10, p. 123,) that 

from which we get, by solving the quadratic, 

X = >/«« H- «« — a 4». rfa? = 



also, since universally 



N 
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we have 



1 ^d^ ads 

Multiplying this by the value of x, above, we have 

a* ds 
xdy =z ads . = ads — adjf 

.\uszfxdy = afds — afdy = as — ay .... (2), 

which requires no correction, since, s, y, and u vanish together. The 
area here found is that below the curve (see Jig, at p. 123) included 
between the tangent through the vertex, ^e ordinate at the extremity 
of 5, and I itself. Subtracting then this area from the rectangle 

s^ssy s/a* 4- *'— ay, 
we have 

or since, by integrating (1), 

, * H- s/a» + s» ,^. 

y=:a log. .... (3) 

.•.»3=«>/ii»-f «»log.— — 2l± as .... (4), 

the area above the curve. 

By putting in (3) for v a' + ** its value a-j-x, above, and for s its 
value given by the first equation, it becomes 

y = alog. X— i— , 

which is the equation of the catenary between x and y . 
It is obvious that equation (3) may be vmtten thus 

a* • = * + >/a« 4- ««.'.ae"—*=B >/«» + «» 
squaring each side, we have 
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_1 IL 

a 



V 

1 • — 7 

.•.* = •— -a {ff — e } . . . . (5). 



Proceeding in like manner with equation (4), we have 

y »_ 

X = ^ «{« * + <f "} — «....(«). 

9. To determine the quadrature of the curve qfsiaes or sinusoid, 
its equation being y = sin. x to radius r 

10. To determine the area of the curvt of tangenU its^quatioB 
being y z= tan. x to radius r. 

tfss-*r*l«g.C08.ar. 

11. To determine the area of the curve whose equation is 

y = «*, 
between ^ Hmits 7 = 0, ar=:l, 

2' 3* 4* ^ 5» 

12. To determuK^earea«fdK]ogaTiteucenrv«yiAs equation 
being 

lo«.a 

1 3. Prove that the area of the common ayclMd is equal to three 
times the area of the generating circle. 

14. ACB is a given semicircle, and DCany onli- 
nate; bisect the arc AC in E, and join AC and AE, and 
upon DC take DF equal to the sum of Ae chords AC, 
AE. Required the area of the whole curve, which is 
the locus of F. 

40+16^/2 , /^ ^^ 

lo 
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15. A£B is a straight line bisecting per- 
pendicularly the given straight line DEC. From 
D, one of the extremities of CD, draw the straight 
line DFP, cutting AB in F, and make FP equal ^ 
to EF. Required the area of the curve which p 
describes. 

u = semicircle on DC + SEC*. 

16. To determine the area abed included 
by the four branches of the evolute of the ellipse. 

(69.) We shall now investigate the formula for 
the quadrature when the curve is referred to polar 
instead of rectangular coordinates. 

In finding the lengths of curves, the formula of 
rectification was changed from rectangular to polar 
coordinates, by merely changing the independent variable from j: to lu, 
the analytical value of the expression remaining unaltered; but in the 
formula for quadrature this change is not sufficient, for the ana- 
lytical value of the fiinction representing the area requires to be altered, 
since the spaces between the curve and the rectangular coordinates of 
any point in it, and the space between the curve and polar coordinates 
of the same point are themselves different. Thus 
the space between the curve AC, and the rectan- 
gular coordinates of the point C is ACB, but the 
space in reference to the polar coordinates of the 
same point is ACA, so that, calling, as before, 
the former space u, the latter will hei ay — m, it is therefore, the dif- 
ferential of this expression, taken relatively to x, that we are to trans- 
form to an equivalent differential, having ia for the independent variable, 

du 
and. not the differential —. Hence, putting v for the area ACA, 

dx 

and differentiating relatively to x, we have 

dv 1 , ^y _t \ ^^ 

^— yC^^+y; — ^» 

and changing the independent variable firom x to <*>, and multiplying by 

dx 

-- — , there results 
dto 
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dv J^ dtf dx . __^ du da 

di7 — T ^* "ST "*■ ^ rf« ^ "ite" liT' 



or, since ^y, 



dv \ , dy da y, 

dot 2 du) dia 



dx djf 

in which equation, if we substitute for x, y, -- — and -- — ^ their values 

dm du 

in terms of r and w, as given at page 117 of the XM/f. Cak. we shall 

have for the formula sought 



dut 2 2 

r being a function of *>, given by the polar equation of the curve. 



£XJlMPLCS. 



(70.) 1. To determine the area of the spiral of Archimedes. 

11 r» 

2 •^ 2a -^ tta 

If the area is measured from the pole, then u^^O, when r =0 .*. C = 
and the expression for the area is 

but, if the area is measured from the point rzszr', then v is 0, when 

^ r' .-. C = , and tire expression is 

6a 



r 

Qa 



6a 

for the area comprehended between the two radii vectores r', r. 

2. TeuQgents are drawn to an equilateral hyperbola, and per- 
pendiculars to them are draws from the iDentre: required the equation 
and quadrature of the ourFey which is the locus of iIm intersections. 

17 2 
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Taking the diameters of the hyperbola 
for axes, we have for any point (x\ f/) the 
equation 

3^ + «« = -a«, 

and for the equation of the tangent through it 
also for the perpendicular to this fir^ the origin 

Eliminating a^, y, by means of these three equations, we have between 
(xj^), the intersection of the two latter lines, the equation 

for the ^ocus sought. This ciurve is called the lemniscata of Bemouilli. 
To transform the above equation from rectangular to polar coordinates, 
we must substitute for x and y the values 

x^rcos. (i>; y=:rsin. «a, 

which will give the polar equation 

r^^a^ COS.* (o — sin.' w) =3 0, 

or, substituting cos. 2a> for its equal cos.' w — sin.' «, 

r' — a'cos. 2w = 0, 

from which it will be easy to discuss the figure of the curve. Thus, 

when a) = 0, r= ± a; hence the curve passes through the extremities 

of the transverse axis of the hyperbola; it also touches the hyperbola at 

those points, for if r were any where greater than a, cos. 2w would, by 

the above equation, be greater than 1, which is impossible. When 

. . . v Sir 5ir Ttt , , 

r= 0, w must be either — , , or ^.so that the curve passes 

through the centre of the hyperbola in four directions, being, indeed, 
the directions of the asymptotes; these are, therefore, tangents to it: 
hence the curve consists of two leaves, as represented in the diagram. 
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For the quadrature we have, by differentiating the polar equation, 

rdrts. — a' sin. 2a> dia 

, rdr rdr 

a* sin. 2(i> "" f^^A ^4 

2c/ 2c/ >N/i?rz:74 4 ^ 

Between the limits r =: a and r = 0, which comprehends the upper 
segment BC, the area is i a*, which, being a quarter of the whole area, 
we have for the entire curve 

the square described on the the semi axis of the hyperbola. 

3. To determiiie the quadrature of the curve in example 7, 
page 133, by means of its polar equation. 

Call the diameter AB, a, AP ^ r, PAB =: w, then we have 

AC =: AB cos. (i>, AD =: AC cos. w, AP =: AD cos. i»> 

,%r:=ia cos.^ a> 

the polar equation of the curve 



1 a' 

.*. -^ f r^ d(i>-=^ ~/cos.* o) dm, 



this integral is (34) 

a* sin. X . . . 5 a.^'S ,, 

a* 5-3-1 , ^ 

— • X + C, 

2 6 • 4 • 2 ^ ' 

which, between the limits «^0, a»^ — , comprehending the whole 

curve, is 

5 a V 

5 
which is — ^, the semicircle ACB. 
8 

4. AM, AN are straight lines perpendicular to each other and 

a straight line BD of given length having its extremities always in them 
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is moved from a horiioiital to m vertical poBition. If in BD, BF be 
taken always equal to BA, what will be the area of the curve in which 
F is always found. 

Put DAF s=<a, AFssr, and BD = ay also 
draw BE perpendicular to AF, which will bisect 
the angle FBA of the isosceles triangle BFA, and 
the angle ABE will be equal to the angle DAF. , 

Now AB = BD cos. ABD = BD cos. 2a»; AP 
s= 2AB sin. » = 2BD sin. ta cos. 2uy that is^ 

r ^ 2a sin. 10 cos. 2ia, 
the polar equation of the curve; hence 

—/r* (fw =: 2a^f fAnJu cos.' 2w dot, 

or, substituting {Gregorys Trig, p. 43,) 

1 — 2 sin.* ia for cos. 2W 
— /f* (fw = 2«*/8ln.* « rf« — 4/8ln.'* w da> + 4/sln. « a> rfw, 

which for the whole curve, or between the limits oi := 0, a> ::= 45° 
becomes* 

ar=r*0d94a'. 

5. AB is the diameter of a given circle, AC any chord, CD per- 
pendicular to AB, and P a point in AC, so taken that AP* =: AB * CD. 
Required the quadrature of the curve which is the locus of P. 
Put AB = a, and PAB = a>, then 

AC = AB cos. (<>, BC 3= AB sin. w, 

therefore twice the area of the right-angled triangle 
CAB is 



AB* sin. o) cos. («> = AB • CD = AP 



that is. 




* It is obvious, from a slight examination of the equation of the curfe, 
that the entire locus of that equation consists of four leaves, symmetricaUy 
sitoatad round the point A, but only one of these can come within the 
geometncal restrictions of the proMen. 
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Tt^-=.a? sin. (i> COS. w = — sin. 2(0, 

2 ' 

the polar equation, from which it appears that r^ 0, both when b>=0, 
and when w =: 90°, so that, while the radius vector passes through 90** 
on either side of AB, one haf of the curve will be described.* 
For the area of this leaf we have 

1 a* a* 

— fr^ dctt := — - rsin. ut cos. iadia^ — cos.* w + C, 

2 *' 2 4 

which, between the limits of the curve is 

v^ — := the square on AO, 
4 

so that the whole area of the two leaves is equal to half the square of 
the diameter, or to the rectangle EF. 

6. To determine the area included between two radii vectores 

r', r, of a logarithmic spiral, its equation being r^ia , 

» = 4 ' 

where m is the modulus of the system of logarithms whose base is a, 

7. To determine the area included between two radii vectores 

a 
r*, r, of a hyperbolic spiral, its equation being r = — . 

"=—2 

8. To determine the polar equation and quadrature of the in- 
volute of the circle. 

Polar equation a<t> = N/r* — a* — a cos.—* — 

r 

Quadrature v ^ ^^ — 

6a 



* It is obvious that the curve can consist of but two leaves or loops, as 
well from the geometrical restrictions of the locus, as from its analytical 
representation above; for when u exceeds 90°, r becomes imaginary 
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9. From a given point in the circumference of a given circle 
any chord is drawn, and from its extremity a line is drawn to the centre. 
If from the centre a perpendicular to this line be drawn, what will be 
quadrature of the curve which is the locus of its intersection with the 
chord? 

The whole area of the locus is * 4292 x ^^ of ciicfe. 

10. Between the sides of a right angle a straight line is drawn 
so as to enclose a given area; if from the vertex of the right angle a 
perpendicular to this line be drawn^ what will be the quadrature of the 
curve, which is the locus of the intersection. 

The area is half that of the triangle. 







A 



ON THE QUADRATURE OF CURVE SURFACES, AND ON 

THE CUBATURfi OF VOLUMES. 

J} 

(71.) Let AB be an arc of any plane curve, \ 
and let it be required to find the di^rential ex- 
pression for the surface generated by the revo- 
lution of this arc about one of the coordinate 
axes, as the axis of x. 

Let BC be any increment of the arc AB, and draw the chord BC, 
and the tangent BD, meeting the ordinate FC in D. Then, since the 
bent line BDC envelopes the curve line BC, if the sjrstem of lines re- 
volve round AX, the surface generated by BCD will envelope that gene- 
rated by the curve BC; the former surface, theref(»e, will be greater 
than the latter {See Note C). Again, since the curve BC envelopes 
the line BC, the surface generated by the revolution of ihe former will 
be greater than that generated by the revolution of the latter. Heace 
the surfece generated by the arc BC is always of intermediate magni- 
tude between the sur&ces generated by BDC and by BC. Let us then 
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seek the limit of the ratio of the two latter surfaces, foi^ if this should 
be unity, then the ratio of the intermediate sur&ce to either must in the 
limit be necessarily unity. 

The surface generated by BD is a conical frustum or trunk, and we 
know, by the principles of common geometry, that every such surface 
is equal to its side, or the generating line multiplied by half the sum of 
the drcumferencesof the two ends; also the annular space generated by 
DC is equal to its length multiplied by half the sum of the circum- 
ferences generated by the ends D, C. 

Hence, for the largest of our three surges we have the expression 

ttBD (EB -h FD) -f ttCD (FC -f FD) .... (1), 

and for the smallest the expression 

ttBC (EB + FC) . . . . (2), 

and we have now to ascertain &e ratio oi these expressions in the limit, 
that is, when EF= A =: 0. To effect this more readily it will be requi- 
site to develope these expressions according to the powers of h. Now 
it is obvious that 



BD=aJ A9 4--^A*>EB + FD=2fy-f ^A, 
' ^ dx " dx ^ d»» 1 • a ^ ' 



also 

hence, by substitution^ the expression (1) is 

sJa + Ac.) 
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and the expression (2) 

-^ r-r2+*c.} 

Dividing each of these by h, and then putting A =: 0, their limiting 
jratio is 



-^l + -£- 



.^H--g-.2y 



2y 
— = 1, 



consequently, when A = 0, then 



inc. of surface *^S ____ J i a. ^y* 



We shall now apply this general formula to some examples: 



EXAMPLES. 



(72.) 1 To determine the surface of a sphere 
The equation of the generating circle is 



«*-|-3/*^r' 



* To persons familiar with other modes of inyestigation the above process 
may seem unnecessarily long ; but it is apprehended that most of the shorter 
methods will be found, upon examination, to be deficient in rigour. Thus 
Francxur (Cours de Math, torn, 2, p. 341,) reasons as if the surface gene- 
rate d by th e arc were of intermediate magnitude between those generated 
by the chord and tangent, which is not necessarily the case. 
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...xrfx+ydy=:0.-.-^ = p; 
consequently 

S = 27r CA 1 + -f^ dxz=:2ir C^Jx^-^y^dx 

= ^irfrdx = 27rrjF + C. 

Between the limits j: = 0, jr^r, this is Itrr^', hence the surface of the 
whole sphere is 

which is equal to four times the area of one of its great circles. 
2. To determine the surface of a spheroid. 
The equation of the generating ellipse is 

or 

from which we have already found {art, 61) 



da =: — dxy 



consequently 



S = infyd> = 2^ 7=/^ i - *' '''' 



but n/ 1 — c* = — , therefore 

a 



a J e^ 
Now, as we liave observed at (68), the integral 



j^i 



—r- X* . dx 



a 



is equal to half a circular zone of radius — , the sine of the arc being jt; 



e 



therefore, calling this circular area A^ we have 
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27rbe ^ 

S = A. 

a 



If a: := a, then this expression will represent half the entire surface, or, 
calling the corresponding value of A, A', we have for the whole surfece 
of the spheroid 

a 

3. To determine the surface of a paraboloid of revolution. 
The equation of the generating curve being 

we have 



2ydy=pdx.. ^^, _ -^l 



hence 



But 



/(4y» +;»»)* y ^3/ = ^ (43/« + P^)^ -f c. 

which, between the limits y = 0, y =:y, is 

4. To determine the surfece generated by the revolution of a 
catenary about its axis. 

We have already found (p. 123) that in this curve 

»« = 2a4:4- ja 

.-. a' + «*= «• -H 2ax -I- ar« .•. Va» + *» = a -}- x j 
hence 



consequently 



dx=-7 » 

V a* + *» 
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€UJU 



Now 

hence 



fydtzszys—fsdi/'y 
S = 27ry« — 2a7r / * 



= 2«y» — 2aff >/a» + *« + C. 
When $ = then S = .*. = — 2aV-|- C .*. C=:2a«7r therefore 

S = ^irys — 2a7r >/o«4- «* + 2a* ir, 

which is the area of the surfece,' in terms of y and », « being the length 
of the revolving arc measured from the vertex, and y the ordinate of its 

extremity. If for Va*4-«* we substitute its value above, viz. a + J^, 
the expression for the sur&ce becomes, m terms of j:, y and 5, 

S =: 29ry« — 2airx, 

5. To determine the sur&ce generated by the revolution of a 
cycloid about its base 2a 



S = 



16ir 



To determine the surface generated by a cycloid revolving round its 
axis, the diameter of the generating circle being a, 

S = (ir — y)27ra«. 

Cubature. 

(72.) Let us now investigate the differential expression for the volume 
bounded by the curve surface generated by the 
revolution of AB, and by the planes generated by 
the revolution of the ordinates of A and B. Let 
BC be an increment of the arc AB, taking care, 
however, that this increment be not so large that 
the oidinates between E and F may first increase, 
and then decrease, or that they may first decrease 
and then increase; but this interval must be taken so small that the 
ordinates from £ to F may continually increase or continually diminish. 



6_^ 



o 



4r— X 
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The necessity of this condition will appear, when we state that we are 
about to found our reasoning on this principle, viz. that the volume 
generated by BC is always intermediate in magnitude between the 
cylinders generated by BG, CG', however we diminish the original in- 
crement EF = A, a principle which would not be necessarily true if 
either of the parallels BG, CG', could cross the curve BC, and, to render 
this crossing impossible, the foregoing condition must obviously be ob- 
served : we say the solid generated by BC and the cylinder generated 
by BG, &c. for shortness, of course it is to be understood that the ordi- 
nates of the extremities of these lines revolve with them. 

Admitting then that the solid increment generated by BC is always 
intermediate between the two cylinders, let us seek the limiting ratio 
of these latter. 

The volume of a cylinder is equal to its base multiplied by its height, 
therefore the volume of the cylinder'generated by BG is ffy'A, and that 
generated by CG' is 



the ratio of these is 



vy^ 



^•(ir' + '^A + ifec.) 



which when h^O becomes unity. Hence the ratio of the intermediate 
volume or the increment of the proposed volume to either of the cylin- 
ders is unity in the limit, that is 

dV 



dx 



= wy* .'. V =: vfy^ dx. 



EXAMPLES. 

(78.) 1. To determine the volume of a prolate spheroid. 
Since the equation of the generating ellipse is 

a^i/^-\-b^x^=:a^b^ 

b^ 

.-. V = frffdx = -^/(a* - *«) rfx = 7r6« {x - -^) + C, 
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and for the whole solid, that is, between the limits jr = a and j: = — a^ 
this integral is 

V = TT^a (2a — 4- «) = 4" ^^^' 

and since the circumscribing cylinder is &7r . 6 . 2a, it follows that the 
volume of the spheroid is two thirds of its circumscribing cylinder. 

When a= 6 the spheroid becomes a sphere, which is therefore equal 
in volume to two thirds of its circumscribing cylinder. 

2. To determine the volume of a paraboloid. 

Since here y^ ^px .*. 'Trfy^ dx = vpfx dx =s -^ x* -^^ C, 

which is half the volume of the circumscribing cylinder. 

3. To determine the volume generated by the revolution of the 
catenary about its axis. 

By example 4, p. 146, 

sds , ads adx 
dx :=: -—=,d^z=i a= , 

Va* + «» Va* + «« * 

and the formula for cubature being decomposed is 

7rfy^dx=i7r(y^x — 2fxydy) .... (1). 

If for flfy we put its value above, we have 

xdx 
xydyr=zay > 

but from the equation of the curve 

xdx , adx - , 

:= rf* — ^ d* — dy, 

9 s 

so that 

xydy=zayds — aydy, 

and consequently 

av* 
fxydy^siafyds — .... (2), 

substituting this in (1) we have 

o 2 



150 THE INTEGRAL CALCULUS* 

2frfy ds = Surface = itrys — 2airx ; 



but 

hence, finally, 



V = iry^x + a«y* — ^airys — 2a* irx, 



which requires no correction. 

4. To determine the volume generated by the revolution of the 
parabola ^** = ox about the axis of x : 

5. To determine the volume of a parabolic spindle which is 
generated by the revolution of a parabola about its base h, the height 

being a : 

l&ira^b 

V ^= • 

15 

(74.) It ought to be remarked here, that there is another method in 
which volumes of revolution may be easily conceived to be generated, 
viz. by the motion of a curve parallel to its own plane and varying in 
magnitude according to a fixed law. Thus the volume of revolution 
upon which our observations in art. (72) are made, may be considered 
as generated by the motion of a circle whose radius is y; the centre 
being always on OX, its plane being always perpendicular to this line, 
and its radius varying according to the law of the variation of the 
ordinates y of the directrix ABC: and, viewing the generation as 
effected in this way, we may say, agreeably to the general result 
obtained in the article referred to, that the differential of the volume is 
equal to the area of the generating circle multiplied by the differential 
of the axis. This theorem is indeed true whatever be the generating 
area, provided only that, as in the case of the circle, it varies agreeably 
to some law dependent on the equation of the directrix; or, in other 
words, provided we can always express this in general terms as an 
invariable function of x and y, the general coordinates of the directrix, 
and therefore of x simply. 

Thus, let us suppose AB in art. (72) to be the directrix which 
governs the magnitude of the generating surface whose edge is BE; 
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then, taking the same increment EC of the volume as before, we shall 
have to constitute on the sections BE, FC instead of cylinders, prisms 
BF, FG', between which the increment of the volume will as before be 
always intermediate. Now the ultimate ratio of these prisms is as 
was shewn of the cylinders unity, for their volumes like those of the 
cylinders are expressed by the product of their bases and heights: so 
that, as we may by hypothesis represent the one base by fx, the other 
will be y (x + ^), and therefore the ratio of the prisms themselves 
will be 

which, by first dividing by A and then taking the limit or putting A ^ 0, 
becomes unity as in the former case : the theorem above is therefore 
generally true. Let us give an example of its application to the solid 
called a circular groin. The generating area in this case is a square, 
and the directrix, to which it is always perpendicular, a semicircle 
passing through the middle points of two opposite sides. 

Taking as axis of x the diameter perpendicular to the moving plane, 
and the vertex as the origin, we have for any ordinate of the directrix, 
that is, for half the side of the variable square, the expression 

3/=:v2aaF — x'; 
hence, the area of the square is 

4(2ax — ar»), 
therefore this multiplied by dx gives 

£/V = 4 (2a* — X*) dx .•. V = 4/(2aa? — r^) dx 

=s 4aar — ar, 

C being because the expression for V ought obviously to vanish 
with X, As another example, let it be required to determine the volume 
of an ellipsoid. 
The equation of the ellipsoid being 
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it follows diat the geneml equation of a section at any distance z from^ 
and parallel to, the plane of xy, will be 

consideringy therefore, this as the generating ellipse, we have for its 
semi-axes a*, b% 

, a V <?* — «* 

a = 

c 



and consequently for its area (see ex. 3, p. 129,) 



flTO O ^ , 



hence, multiplying this by dz and integrating, we have 

V = -^/(o'-.«)& 

irah . - 1 . ^ 

This for the whole volume, or between the limits 2^ = c, z=. — c, 
becomes 

V = — irahCf 

which is equal to a sphere whose radius is equal to v abc. 

The formulas given in the present chapter for the quadrature of curve 
suri^ces and the cubature of their volumes, will be found sufficient 
for most practical inquiries, as the curve surfeces presented to us in 
nature or employed in the arts are almost invariably surfaces of 
revolution. In order however to complete the subject of this chapter, 
we shall now investigate general expressions for the volume and surface 
of any body that can be represented by an equation.* 



* The student may if he please pass over the remainder of this chapter, 
for the present. 
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Let the equation of any curve surface be 
2 = F(x,y). 

Draw four planes parallel two and two to 
those of xz and t/z, and lei us seek the analy- 
tical expressions for the volume V and the 
surface S of the body MNEF, contained 
between these limits. 

Let X and y take the increments h and k, by which means the point 
M or (x, y^ j?,) will be removed to C, and the whole increment, taken 
by the body in consequence of this change, will consist of the two 
slices enclosed between the planes ME, SD; SB, FM. The sum of 
these expressed analytically, that is the increment V — V, is (Diff. 
Calc, p. 84,^ 

dx ^ dy ' dr^ 2 ^ dxdy ^ dy^ 2 ^ 

If from this total increment we take the two parts MG, MH, there will 
remain the column MS; the parts to be subtracted are 

MG = — — h + — — - --- + &c. 
dx ^ dx^ 2 ^ 

MH = -j~ k + — — —- + &c. 
dy • rfy« 2 ^ 

therefore the remainder is 



MS = —4- hk + &c. 
dxdy 

By the same process we find for the surface MC, 

MC = —4 hk 4- &c. 
dxdy 

Now the volume MS is obviously always intermediate between two 
prisms on the same base, and of which the altitudes are respectively 
SC, PM * As these prisms are to each other as their altitudes, we 



* The increments A, Ar, are to be taken so small that the surface MC 
may be entirely convex or concave. 
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have for their ratio 



«H-' 



/ being the increment of z corresponding to the increments h and k ; 
hence in the limit, or when / = 0, the ratio is unity, and consequently 
the ratio of the intermediate volume to either prism is unity in the 
limit, that is 



dxdy 



d»V 



%hk dx dy 

therefore, multiplying by dy and integrating with respect to y, we have 



dx 



=/» dy, 



and multiplying by dx, and integrating with respect to Xy we obtain 

finally 

V=5//sdyrfx, 

so that the volume is obtained by a double integration, which is per- 
formed by integrating first on the supposition that one of the variables 
jr, y, is constant, and then multiplying the integral properly corrected, 
or between the proper limits fiimished by the problem, by the diffe- 
rential of the variable, at first considered constant, and integrating again. 
This will be best explained by an example. 
Let the sphere be proposed, then 

hence 

dxdy 

let us first integrate relatively to jf, that is on the supposition that this 
is the only variable, and we shall have 




dV 



= /*>/r» — ar» — y« . dx, 



dy 

in which integral y isconsidered a constant, therefore its value is (68) 
half a circular zone whose radius is v r* — y^ and abscissa x. 
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It may be observed here, that the constant y being represented by 
APy and the variable x by AQ or PN, this zone will obviously be that 
portion of the vertical section of the spherical quadrant which stands 
upon PN ; the utmost limit to which x or PN can extend is from P to 
M, therefore, taking the foregoing integral between the limits jr=sO, 

X = PM = Vr' — y*, it becomes — (r* — y), which must therefore 

express the area of the whole quadrant standing on PM. y is now 
to be considered as variable, and therefore this is a general expression 
for every vertical section of the spherical quadrant, of which the plane 
is parallel to AB; we know therefore from last article, as well as from 
the general expression for V in this, that 

V = -^ /(H - »») rfy = |. (r» y - ^), 

which, between the limits y = 0, y = r, gives for the spherical quadrant 



V = 



6 



and therefore the volume of the whole sphere is eight times this, or 

4 

— 7rr3. 

3 

(75.) Let us now consider the sur&ce MC, for which we have 

already found the expression 

MC = — ^ hk + &c. 

ax d-y 

for the purpose of determining between what two surfaces, ultimately 
in a ratio of equality, it must be always intermediate. Let the sides 
of the vertical colunm MS be produced upwards, and still considering 
M to be the lowest, and C the highest point on the surface MC, 
conceive tangent planes to be drawn to the sur^e at M and C; of 
these the portions contained within the vertical planes will be the 
former greater in surface than the convex sur&ce MC, and the latter 
less in suri^ce, or the contrary if the surface MC is concave: it will be 
necessary to prove this. 

And in order to this we may first observe that if, through the point 
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of contact of one of these tangent parallelograms, any vertical plane be 
drawn, the linear section on the parallelogram will be a tangent to the 
curve section on the sur&ce MC ; and it is at once obvious that if, 
whatever be the direction of this section, the tangent is always greater 
or always less than the arc, both being terminated by the vertical sides 
of the colunm MS, the surface which is the locus of these tangents 
will accordingly be greater or less than the surface which is the locus 
of the arcs, that is than the sur&ce MC: this being admitted, which is 
indeed axiomatical, our proof will be reduced to the shewing, that in 
the sections of which we have been speaking, the tangent really is in 
the one case always greater than the corresponding arc, and in the 
other case always less, and this is proved as follows . 
Let MC be any arc, AM and BC the ordinates of 
its extremities, the former being the shorter and all 
the ordinates from A to B being in increasing order; 
then the tangent CM' is obviously nearer to the 
perpendicular CH on AH than the chord CM, 
therefore CM' is shorter than CM, and consequently 
shorter than the arc MC. Also the tangent MD must be farther from 
the perpendicular ME than MC, and must therefore cross CH some- 
where in F between the parallels. Now FC, FM, are together longer 
than the arc MC, (Geom. p. 204, J and FD is longer than FC, conse- 
quently MD is longer than the arc MC. If the arc had been concave 
to AB instead of convex, we should have found by the same reasoning 
that CM' would have been greater and MD less than the arc. Our 
4 proposition is therefore established, and it remains to find analytical 
expressions for the two tangent parallelograms between which we have 
now shown the sur&ce MC must be always intermediate. We know 
that the tangent plane at the point (a-, y, z,) or M, is inclined to the 
plane ofay at an angle of which the cosine is (Diff. Calc, p. 164,^ 

1 







and as a parallelogram situated in space is equal to its projection ob 
the plane of xy divided by the cosine of its inclination to that plane, 
it follows that since tlie projection of either of our parallelograms is 
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z^hky we must have for the area of tha ttouching at M the ex- 
pression 

the quantity under the radical being a function of x and y we may 
represent it hy f{x, y), and to find the expression for the other 
parallelogram or that touching at C, we shall merely have to change in 
this X into x ^h and y into y + ^, multiplying the result as before 
by hk. Now 

consequently, the general expression for the ratio of the two parallelo- 
grams in space is 



I d^ dz^ 

which when h and k become reduces to unity; hence in the limit the 
ratio of the intermediate surface MC to either of these parallelograms 
is unity, so that then 

+ &c. 



dxdy , dsdy 

^ becomes ^ ■ = 1 



I dz^ dz^ I . . dz^ . d«« 

^ dx^^ dy» ^dx^^dy^ 

therefore 



As an illustrative example let us take as before a spherical surface. 
From its equation 



X 



-f ya + a« = r«, 



we g^ by differentiating 



dz X dz y 

dx » ' rfy"~ z ' 
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and these values substituted in the foregoing expression under the< 
radical reduces it to 



J 1+4 + ^! = -^** + ^* + ^'=- 

% z z z 



hence 






didy is/r2__^_ 



Integrating relatively to .r, y being, for the present, considered 
constant, we have 

</S p dx , . X 

— ^r I r = r8m-» : 

this taken as before between the limits P and M, (see fig. p. 154,) or 

from TsrO to x = vr* — y^ is — , which is the quad ran tal vertical 

arc subtended by PM; and multiplying by dy, and integrating again, 
have finally 

which from 3/ = to y-ss.r becomes for a quarter of the hemisphere 
~ ' and therefore the surface of the whole sphere is 47r/'*. 

4t 
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CBAPTBlt ZZZ« 

MISCELLANEOUS INTEGRATIONS. 

(J 6.) The present may be considered as a supplementary chapter to 
what has already been said on the integration of functions of one 
variable, and in which it is intended to exhibit a few examples of the 
transformations to be effected in order to bring certain differential 
expressions to integrable forms. 

EXAMPLES^ 

1 . Required the integral of 

V 2ax 4- X* 



X 



dx* 



Multiplying both numerator and denominator of the function by the 
numerator it becomes 

(2a -\- x^ dx adx + xdx adx 

V 2ajr+i^ >/ 2aj? 4- «* >/2aar-f-** ' 

The proposed differential is thus divided into two others immediately 
integrable : the first by the rule for powers art. (4), and the second is 
integrated at p. 34, ex. 12; hence 



/ 



^/ 2flti37 I T i — .^— ^— ^^— . r 

~ — rfx=V2flr-|-ar' + fllQg. (x + a -h V 2aa: -f ic8)-f C. 

X 



It may be proper to observe that as the proposed satisfies the 
criterion of integrability at (21), it maybe integrated by the method of 
substitution there explained. 

2. Required the integral of 

xdx 

*>f ax •\- gi^ 
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By first adding | a </j: to, and then subtracting it from, the numerator, 
we shall convert this difierential into two others, of which one will 
obviously be immediately integrable by the rule for powei's; thus we 
shall have to integrate 

i adx -^ jrdx l^adx 



so that 



A-* 



/ 



X dx y^^— \ \ I • 

=sV ax + «* — -- a log. (« -H TT a + ^ax + x*) + C. 
V a* + *» 2 2 

3. Required the integral of 



>l-i^lf«ir. 



X 



Multiplying numerator and denominator by >/ a — x this becomes 

ada — xdx 
V aj? — a^ 

which would be the diflferential of 'v ax — x^ if the numerator were 
diminished by ^ adx; hence, fii-st subtracting and then adding this 
quantity, we have 

P^ « — ^ ^= ri^^" — '^'' I /^_±adx_ 
J X J 'J ax —d? J s/ ax —x^ 

, 1 gj» 
^ V oj? — a?* + -:r a versin.— * 1- C. 

4. Required the integral of 

(1 — x«)rfa; 



(I +«*;>/ 1 +aa« + x* 

Divide both numerator and denominator by s^ and the expressio 

becomes 

1 — «« 



1 -f a« 



0^ 



J^4-a4- 



a« 
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Put 

1 -f ^ 1 — «• 
y = — - — .% rfy = -j^ dx, 

also 

consequently the proposed differential becomes transformed into 

y N/ya + a — 2* 
of which the integral by ex. 8, p. 34, is 

, log. — i-JL n: ^ 

V a— 2 y 

5. Required the integral of 

1 -|-x» 



dx» 



(I — iP»)N/l+af* 

Assume 



y (1 — ac«) = 1 4- «« .-. x2 = 
.*, £^f == 



y+1 

dy 



Also 

hence, by substituting these values in the proposed expression, it 

becomes 

y dy 1 2ydy_^ dz 

a: being put for 3^*. The integral of this is (18) ^ 

-i^log. {>/2»— -1 4- 2} + C = 

-ilog.{>/7^ri4-^a}4.C = 
2$ 

p 2 
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6. Required the integral of 

V 1 + ^03, a . dx» 
Put 

1 4" cos* X = s •*. »- sin* xdxisidt, 
therefore 

sin. xd!x <ff* 

*/l — coa,x >/ 2 — » 
but 

sin. X sin. « v 1 -|- cos. je ^_ sin. a: v 1 -4- cos. a? 

>/ 1 — COS. a? "" >/l ~cos.«« "" ^^' * 

= V 1 + COS. X ; 
hence 

/*>/ 1 4- COS. Of rf* = — f j^^ =2n/ 2->g4-C* 

tliat is 

/Vl + COS. afdx=:2N/ 1 — COS. ar4-C. 

7. Required the integral of 

sin. mxsin. nxdx. 
Since by Trigonometry 

COS. (A — B) = COS. A cos* B -|- sin* A sin. B 
COS. ( A 4- B) =r cos. A cos. B — sin. A sin. B 

.'. ~ COS. (A — B) — -— " COS. ( A + B) =s sin. A sin. B, 
or, substituting mx for A and nx for B, we have 

sin. mx sin* nx's=.-— cos. (m — n)x ■— - cos* (#w -{-'*)') 

2 2 

hence, multiplying by dx and integrating, we get 

/sin. mx sin. nx <fx := 
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—- / COS. (m — n)xdx — — / cos. (m -f- «) * dx 

— ^ I sin, (m — n)x sin. (m -f- ») x. 
"~ 2 * m — n m-^-n * 

8. Required the integral of 

COS. mx COS. nx dx. 
By adding together the two trigonometrical formulas above, we have 

—- cos. (A — B) + — COS. (A -f- B) =£COs. A . cos. B j 
2 2 

hence 

COS. m* COS. «« ^ — COS. (m — n) x -^ -—coa, (m -^ n) x, 

i 2 

therefore multiplying by dx and integrating 

f COS. mx COS. nxdxzsr 

1 -sin. (m — «)* j^ 8ln. (m -f- n) x ^ 

2 *■ m — n m'-j~n ^' 

In like manner, by adding together ihe expressions for sin. (A + B) 
and sin. (A — B), we get 

/sin. mx cos. nxdxss 

1 . COS. (OT-t-n)g cos, (m. — ^)x ^ 

2 ' m±n "* m — n ** 

9. Required the integral of 

dx 



a '\- b sin. x 
Substitute y for sm. x, then 

^ = — ^L,, 
therefore the expression becomea 



(a4-iy)Vl — 2/*' 
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which may be rendered rational by (17), or, putting 

X* — 1 4s dt 

1 — y* = (1 — y)' «' ••• y = p^pY ••• ''i' = ^^qrryi 

the expression becomes 



a — 6 + (a + 6)*«' 
which is rational. 

10. To determine the integral of 

Ax*dx 

This may be done by developing the denominator in a series, but 
there is a neater and much more commodious manner of expressing the 
integral, since the proposed differential may be assimilated to that of 
an elliptic arc. Thus, calling s the length of an arc of an ellipse, we 
kare (61) 

ds = ds, 

and if in this expression we put 

a« — €»*«=x'» or d*—-—^j^^x' 

or 

we shall hare 

_ g >/ a» — g « 

ax*dx /-5 ; a s/ 3f^ — 6'» 

.*.</j= ■ ^ y Va* — x* = , 

Va« — 6« V a» — ^c" 's/d^ — b^ 



.*. ds =s 



af^dx 



I 



V (a« + 6») «'» — «' * •— a« fc« ' 



Hence the integral sought may be expressed by the product of a 
constant factor A by the arc of an ellipse, of which the abscissa of the 
extremity is x. The axes of the ellipse are found by equating the 
expression under the radical here wUh that in the proposed differential, 
which leads to 
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whence the axes are 

so that the integral of the proposed differential is A times an elliptic 
arc of which these are the axes, and of which the abscissa of the 
extremity is 

It must however be observed that this is not the case unless P > 2 V Q, 
for if P < 2 V Q the axes become imaginary, and if P = 2>/Q, then 



VP:ti— ^_Q or >I (ip» — Q) — («' — -s-Py 

is obviously imaginary. 

11. To determine the integral of 

Adx 



x«VPx« — X* — Q 
In the expression 



put 



and we get 



whence 



as = , — — ax 
as =s 



therefore, comparing this with the proposed, which we may vm,te 

— Qrfx 



— TT X 



a:»>/Px« — «* — q' 
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A. 

we see that the sought integral is — times an elliptic arc, the 

Q 

abscissa of whose extremity is 

Of ^a^~IT^ * 
and whose axes, as determined from the conditions 

are 

26 = >/P-f 2v'Q — VP — 2VQ- 
12. To determine the integral of 







n/Px« 


+ »*-Q. 


• 


The equation 


of the 


hyperbola is 


•*• 




in which 






-l)Cx«- 
o» + 4» 


«', 



therefore, if s represent any arc measured from the vertex of the trans- 
verse axis, we have 

ds = — — dx. 



Assume 



hence 



\/a'2 ^ 



c 



X dx' X ' 



V a'2 -f a^ s/ a'» + a^ 



-a» 



f 

X » dx' 



x/ («» __ fc2) a;'2 ^ ^'4 _1 aH2 ' 
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which agrees with the proposed form. Hence the integral sought is A 
times the arc of an hyperbola whose abscissa is 



V X* + a 



3 



and whose axes, determined from the conditions 

flS — i2=p, a«i2=Q, 



are 



2a = V2P -f2 Vp2 + 4Q 



26= V-2P + 2n/i» + 4Q. 
13. To determine the integral of 



Adx 



In the expression for dSy in last example, put 



aH« ^ _ a >/ y» -f &» 
and it will become 



£*x* — a*=r — — - .♦. a? = 



— «» b^ dx' 
ds=i 



x'a V(a* — 6«) x^-* — x'* + a« 6« ' 
comparing this with the proposed expression when written 



A — Qdx 

— TT X 



Q x^'^Px^ — x* + q 



A 

we find for the sought integral — -r- times an arc of the hyperbola 

Q 

whose axes are 



2« = >/ 2P -f 2 V P« -f 4Q 



2* = >/ — 2P + 2 V P« 4- 4Q , 
and abscissa 
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14. To determine the integral of 



J A + ^-^ . rf«. 

Every differential of this kind may be compared to that of an elliptic 
arc, since it may be reduced to the form 



>/a« 



€«!« 



For the proposed form is the same as 



dx. 



N/(C--r77-r-5^') 



N^AC + B — A«" . l.,B,'^^ AC + B ,. 



I B 

which, integrated^ gives /^ A. -f >; times an elliptic arc, whose abscissa 

is Xy major semi axis /^C, and excentricity 



C 



-i 



AC + B 

In a similar manner may 



be integrated by means of an hyperbolic arc. 
15. To determine the integral of 

VC±2,^ 

If we determine the expression for d$ according to the second of the 
general formulas in (59) we shall find that when % is the arc of an 
ellipse or of an hyperbola 
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the upper sign for the ellipse, the lower for the hyperbola, and to this 
form the proposed may be assimilated by writing it thus: 



f C^B 



C { ^ 



C±y 



3 



■} ^y> 



n/A 
consequently the integral sought is •" - times an elliptic or hyperbolic 

arc, of which the ordinate of the extremity is y, and of which the con- 

jugate semi axis is ^C, and excentricity, c = C — — , that is, the two 

•semi axes are 

V C and >/C2 B ± AC, 

the upper sign having place if the arc is elliptic, and the lower if it is 
hyperbolic. 



170 



SECTION II. 



ON THE 



INTEGRATION OF DIFFERENTIAL EXPRESSIONS OF 

SEVERAL VARIABLES. 



CBAPTBIt Z. 

INTEGRATION OF EXACT DIFFERENTIALS. 

(77.) Any expression involving variable quantities and their diffe- 
rentials is called an exact differential^ -when it is immediately derivable 
from some function of those variables by the common process of diffe- 
rentiation. In such cases the primitive function is always readily de- 
terminable, or rather the integration may be always made to depend on 
that of a differential expression of a single variable. It becomes of 
consequence, therefore, when any differential expression is proposed, 
to be able to asceilain, first, whether it be an exact differential, and 
second, if it be exact, how to discover the primitive function. It will 
be the object of the present chapter to shew how these objects are to 
be accomplished. 

Euler^s Criterion of Integr ability. 
(78.) Let the proposed differential expression be 

in which M and N iwre functiofts of x and y . If this is an exact diffe- 
rential of any primitive function u, it must have arisen from differenti- 
ating u relatively to both the variables x, y. But 
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hence, if our supposition is correct, we must have tlie equations 

M = — N=— • 
dx dy 

These, then, are the conditions from which we are to determine whetlier 

or not the proposed is really an exact dififerential, and they are quite 

sufficient for this purpose, inasmuch as they immediately lead to the 

necessary relation between M and N. For, let us differentiate these 

two equations, the first relatively to ^, the second relatively to x, and 

we shall have 

dM _ d^u rfN _ d^u 

dy dxdy dx dydx 
but, CDiff. Calc, p. 85,) 



d^u d^u 



— > 



dxdy dydx 

hence, that the proposed may be an exact differential, there must exist 
this relation between the functions M and N, viz. 

dM dN 



dy dx 

which is therefore called the criterion of integrability. 
If the proposed differential contained three variables as 

Mdx + Ndy + Vdz, 

then, as before, assuming the primitive function to be w, we have, since 

du du du 

du = -d^ + -dy + -d., 



du 
dz 



the conditions 






9 


M: 


du ^, du „ 
dx dy 


consequently 




dM dN 
dy ~~ dx 

dM dV 
az djf 
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dz dy 

are the necessary conditions of integrability, and it is obvious that 

generally for every differential function containing n variables, we must 

n (n — 1) 
have such equations of condition, if the proposed is an exact 

differential, because this formula expresses the number of combinations 
of every two of the n variables. 
Suppose the given differential were 

(3x* -I- 2axi/) dx -\- (ax^ + 3y«) dy, 
then, since 

dM ^ fl?N ^ 
= 2ax, —5 — :=2ax. 



dy da 

we may be sure that the differential proposed is exact. 
Again, let 

(3a^ — y) dx — xd^ 

2va?' — xy 

be proposed, then 

dU ^ 3r^ — y^ , x^ + xy 

= d ^-^^-^^dy=i 



^y 2 \/x3 — xy ' 2^/x^ — xy 

</N , — X , 3^ 4- xy 

=^d '--—j=^^dx— ^ ^ 



dx 2y/^3__j,^' 2's/a^-~xy 

so that this also is an exact differential. 
But, if 

(^' y + y^) dx -7- a;3 dy 4" ^* ^V 

be the proposed differential, then, since 

dM » . ^ dN 

= *" + 2y, -J- =y« — 3r», 



dy ^ dx 

we should infer that the differential in question cannot arise from imme- 
diately differentiating any function whatever. 

Let us now proceed to the integration of differential expressions, 
which satisfy the foregoing conditions. 
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Integration of Different Uils which satisfy the Conditions oflntegralility. 

(79.) As the first term Mdx of the exact differential 

du = Mdx + Ndy 

has been obtained by differentiating the primitive function z/, as if j^ 
were a constant, it follows that if we integrate this first term on the 
same hypothesis, the integral properly corrected must be the original 
function w, that is 

observing, however, that in consequence of ^ being considered constant, 
it may enter the correction C, so that, as C may be a function of y, it 
wrill be better to write this expression thus : 

w=/Mdx-h Y . . . (1). 

By .applying similar reasoning to Nrfy, the second term of the proposed 
differential, we should obtain for u the expression 

w=/Nrf3/ + X . . . (2), 

where X the correction may contain x. It merely remains, therefore, 

to determine the proper correction Y or X in one of the equations 

du 
(1), (2). Let us take the first then, since N = — , it follows from (1) 

dif 

that 

^_ dfUdx dY 

"~ dy dy 

The quantity within the parentheses caimot possibly contain j-, other- 
wise this conclusion could not be deduced ; it would, indeed, be con- 

Q 2 
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tradictory, seeing that Y cannot contain x*. Substituting in (1) this 
expression for Y, we have, for the complete integral sought, 

which is, therefore, a general formula for the integration of exact diffe- 
rentials of two variables. 

If we had taken equation (2) instead of equation (1) a similar process 
would have led to the general formula 

i*= /*Ndi/ + Am il^^)dx .... (4.); 

We shall now add an example or two of the application of these 
general formulas. 



EXAMPLES. 

1 . To determine the integral of 

(6a7i/— y2)dx+ {^x^ — 2xy)dy. 

In this example, 

M = bxy — 3^2^ N = 3x' — 2xy 

rfM , ^ dN 



dy dx 

the differential proposed is, therefore, exact, and consequently the inte- 
gral is comprised in the general formula (3) or (4). Instead, how- 
ever, of availing ourselves, of this formula, we shall employ the process 



• This condition is, in fact, involved in, and depends upon, that of inte- 
grability, for, by differentiating the expression within the parenthesis rela- 
tively to Xy the result is 

dx — dXy 



dx dy 

which, by the condition of integrability, is 0. 
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which led to it, in order to render that process more ftuniliar to the 
student. 

Integrating the terms containing dx on the hypothesis that y is con- 
stant, we have 

f(fixy — y*) dx = 3x' y — y* x -|- Y, 

and this, when Y is determined, must be the integral sought, and it is 
the differential of this integral with respect to y that forms the term 
containing dy in the proposed ; hence, then, differentiating the expres- 
sion just deduced, with respect to y, we must have the identity 

dY 
3x2— 2Ty-f __ = 3a2_2xy 

rfY 

= .*. Y = constant; 



dy 

hence the integral of the proposed expression is 

3x2y— y«x-f-C. 

2. To determine the integral of 

(2y« X + 9x*y -h 8a;») dx + (2x^y -\- Sx^) dy. 



Here 



= 4yx -\- Ox* ^ 



dy dx 

so that the differential is exact. 

Integrating with respect to jt, we have 

/(2i/2 X + 9x2y -h 8x3) dxz=zy^ x* -|- 3x5 1/ -f- 2i* -|- Y, 

and differentiating this with respect to y, and then comparing it to the 
term containing dy in the proposed, we have 

dY 
2yx^ H- 3x3 -f --— =2x2y -j- 3ar» 

dY 

= 0.-.Y = C; 



dy 
hence the integral sought is 

i/2x*-|-3x3y-f-2x*-|-C. 
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3. To determine the integral of 

This is obviously an exact differential, since y does not enter into 
the coefficient of dx, nor x into the coefficient of tfy. Hence, inte- 
grating the term containing di/y which is the simplest, we have, 

and equating the differential of this, with respect to x, with the other 
terms of the proposed, we get 

dx 
dX = , -f adx 

VI + a^ 
.-. X = log. (a: -f V l + ««) + aa?+C; 

hence the required integral is 

b^ + log. (x + VT+1?) -f ax -f- C. 

We shall give one example of the process as applied to a differential 
expression of three variables. 

4. To determine the integral of 

__ ydz (x 4- 2ay) dy _ (xy + af) dz 

2 2 2* 

Here 

z z 

and 



2* 



dy 2 dx dz z^ dx 

dN __ X + 2ay ___ flfP . 
dz 2* rfy 

hence the proposed is an exact differential ; so that is the partial 

z 

differential of w, taken relatively to the single variable x; hence, inte- 
grating with respect to this variable, we have 
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u=:^fdx^ ^4.F(y,2) .... (1); 

z % 

it remains therefore, to determine the function F (y, 2:), which completes 
this integral. Differentiating with respect to y, and equating the result- 
ing coefficient with that of dy, in the proposed we have 

du a? dF{x,y) x -\- 2ay 

dy z dy z 

d F (j7, y) _ 2ay 
dy ""2 

.-. F (X, y) = ^/y dy=:^ +/s. 

s z 

Substituting this expression for F {x, y\ in the equation (1), it becomes 

« = ^+^+/. ....(2). 

We have, therefore, now only to determine the correctiony>, which is 
effected by differentiating with respect to z, and equating the coefficient 
with that of dz in the proposed, so that we have 

du vx ay^ dfz iw/ + ^aj/ 



dz 8* z\ dz 8* 



dz 
hence equation (2) becomes 

2 
the integral sought. 

5. To determine the integral of 

dy dx 
du = xdy +ydx =• r- 

, 1 

yx 

6. To determine the intregral of 

du = (ax -j- by -\- c) dx -\- (6a? + my + «) <^i/ 
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u := —- ax* -f byx + cx-{- ~ my^ + wy + C. 

7. To determine the integral of 

dx . .. X ^ dy 

V r* + 3/« V ^« + 3/« y 



M = I + Va* + 2/* -h C. 



Differentials which are both Exact and Homogeneous. 

(80.) An algebraical function, consisting of several terms, is said to 
be homogeneous, when the sum of the exponents of the variables is the 
same in every term. 

Thus the following are homogeneous functions, viz. 

Wx* — y* V X® — y® 

the degree of homogeneity being in the first 6, in the second 6 — 2 = 4, 
and in the third 2 — 3 = — 1. 

When exact differentials are also homogeneous, their integrals may 
be obtained by a very easy process, except in that particular case where 
the degree of homogeneity is — 1, in which case the process we are 
going to explain is not always applicable. 

Let 

Adx -{- Bdi/ -\- Cdz + 65C (1) 

be an exact differential, and such that A, B, C, &c. are homogeneous 
functions of the variables, the degree of homogeneity being w, then the 
primitive, u, of this differential will be 

Ax + By + Cs + &c. 

u = ■ — -— . 

n -\- i 

For suppose, in the primitive function w, that instead of y, z, &c. there 
be substituted y'x, z'x, &c. then, in consequence of the degree of homo- 
geneity of this function being n + 1, it will become divisible by or *+ ', 
so that we may represent it by 
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W = Pa?«+» .... (2), 

P being a function of y, z\ &c. Also the proposed differential will 
be divisible by x", and may, therefore, be represented by 

A'd?«rfx+B'x»y.yx + C'*»d.2'x + <fec (3). 

Let us now differentiate (2) relatively to x, only then 

du 

— </x = (w + l)Px»</x .... (4), 

and since (3) is the total differential of m, we shall obtain the pa^ial 
differential relatively to a-, by suppressing all the terms connected with 
</y, dz', &c. ; that is, 

du 

— <fx = A'x»dx + Bj*»t/'djr + CiP««'flte-f Ac (5). 

dx 
Divide each of the identities (4), (5), by — , and we have 

X 

(w + 1) Pa?»+» = A'^»+» 4- B'^+» y + C'^+» 2' + <fec. 
Restoring now the values of y, z\ &c. viz. 









y'= 


y 


2' = 


2 


, <&:€. 


and 


recollecting 


that 


















A'x» = 


= A, 


B'x» 




B, Ac 


this 


equation is 


the same as 











(« + 1) Px«+» = Ax + By + C2 -f &c. 
therefore 

P^+i = M = A^ + By + C2 + <fec. 

It hence appears that to determine the integral of (1) it is necessary 
merely to change dx, dy, dz, &c. and to divide by the index of homo- 
geneity increased by unity. When the index n is — 1, then the divi- 
sor is 1 — 1, and this process is liable to exception, for to such diffe- 
rentials belong those of logarithms and circular arcs, and, although 
these differentials are themselves free from transcendental quantities, 
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and have, therefore, a determinate degree of homogeneity w, yet it is 
not true of such that their primitives have the degree n + 1, so that for 
such differentials the foregoing process is inapplicable. 

f81.) We shall now give an example or two of this method: 



EXAMPLES. 

1. To integrate 

du = (3x* -I- iaa^y) ix + (ar» + 3y*) dy. 

This expression fulfils the condition of integrability; hence, by the 
foregoing rule, 

which is the integral required. 

2. To integrate 

(3j?2 4- ^hxy — 3y*) dx + (bx^ — 6jy + 3cy*) dy. 

This differential also is both exact and homogeneous ; hence by the 
rule the integral is 

3 "" 

^3 + bjir^y — 3a?y2 -j- cy^ + C. 

When homogeneous differentials are proposed for integration, it is 
often easier to apply the foregoing method of integration at once, with- 
out first trying the criterion of integrability, and then, by differentiating 
the result, we shall return to the proposed, if this be an exact differen- 
tial, otherwise the expression is not immediately integrable. If the 
homogeneous differential consist of three or four different variables, 
this mode of proceeding will be decidedly preferable. To exemplify 
this M. Dubourguet adduces the following : 

3. To integrate 

2 V .ry — z , . xdy 



2wV^ 2wVy 
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3 

of which the degree of homogeneity is . 

By substituting, according to the rule x, y^ z, and u, instead of 
their differentials dx, dy, dz, and du, and dividing the result by 

— 1- 1 5^ — "~» we find 

2 2 

u* "^ u' t*« "^ «« " tt« "^ w^ — 

Xs/y — %s/x , ^ 

this result, differentiated, produces the proposed differential, which is 
therefore thus integrated. But if the differential of the result had not 
agreed with the proposed, the trouble of thus ascertaining this would 
be much less than that of seeking the six equations of condition in 
art. (78). 

4. To determine the integral of 

du = (2j^ « + 3t/») dx + (a»* y + 0^ + %f) dy 
us=y^x 4-3y»«-f-2y*-f-C. 

5. To determine the integral of 



du 



_ ydx (x—2y)dy (y*' - xy)d% 



z 

The variables which enter the several differential expressions inte- 
grated in the present chapter are considered to be entirely independ- 
ent, and the expressions themselves to be independent of other expres- 
sions, so that, if they do not satisfy the conditions of integrability, we 
must consider them as altogether unintegrable, since we are not at 
liberty to perform any preliminary operation upon them that might 
render them integrable. J^ however, we have a idatioii between any 
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two differential expressions, so that we may obtain an equation between 
them, then, as the equation still subsists, whatever operations we per- 
form on each of its members, we may obviously use means to render 
the equation integrable, without altering the relation which the equation 
fixes among the variables. It is thus that the integration of differential 
equations is a much more extensive^ as well as important, subject of 
inquiry, than the integration of isolated expressions, and it is this 
subject that will occupy us during the remaining part of the present 
volume. 



TBlt XX. 

ON THE THEORY OF DIFFERENTIAL EQUATIONS AND 

OF ARBITRARY CONSTANTS. 

(82.) Let 

tt = F(a:,y) = .... (1) 

be an equation, cleared of radicals, between two variables, whose rela- 
tion to each other is thus fixed. If we differentiate this equation suc- 
cessively, X being the independent variable, we shall have the series of 
equations 

in all of which the same relation between x and y subsists as in the 

primitive equation^ for differentiation does not alter this relation, so 

that these equations all exist simultaneously with the primitive. 

du 
Now we may remark of these differential equations that the first, — =0, 

dx 

dy 
is a fiinctionof .r,5/, and —•, this last entering only in the first power> 
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and that the equation contains the very same constants as the primitive, 
with the exception of that which has disappeared by the process of 
differentiation. We shall consider such a constant as this latter to have 
actually entered the function (1), as we propose to view not only 

du 

— ^0 as a differential function derived from (1), but moreover that 
dx 

du 
(1) is the complete primitive of -— ^ 0. In like manner, the equation 

dx 

(fill dy d^v 

——-■ ^ 0, which is a function of .r, «, —, and — r-r, the latter entering 
djT dx dx^ 

only in the first power, contains the same constants as its primitive 

du 

— =r 0, with the exception of that which has disappeared by differen- 

du 

tiation, and this constant we shall suppose to enter -pssO, viewing it 

dv 

d^ 
as the complete primitive of -— --=0. If, then, we stop at the diffe 

fit* 

d^u 
rential equation of the ndi order, viz. = 0, considering all along 

each to be the complete primitive of that which immediately succeeds^ 

it follows that the original function F (jr,y)^0 must contain n arbi- 

d^u 
trary constants, and will be the complete final integral of -r — = 0. 

ax* 

Now, as there are n — 1 constants common to the two equations 

du 
F (j:, ^) = and — = 0, we may eliminate any one of these, and may thus 

dx 

obtain n — 1 new differential equations of the first order, or containing 

dy 
no higher differential coefficient than -p. These equati<ms are neces- 

dx 

sarily all different, for at every elimination the entire term cotmected 

virith the constant has been eliminated. The same relation, however, 

subsists between x and y in each of these equations, viz. the relation 

(1); this, therefore, is equally the complete primitive of either of them, 

and they can have no other. It will obviously be obtained by elimi- 



^' 
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dv 

nating -j- from any two of the n differential equations of the first order, 
dx 

since the result will be the relation between x and y^ in virtue of which 

they simultaneously exist. Each of the n — 1 equations which have 

been obtained by elimination may also, by modifying the primitive, be 

obtained by differentiation as the immediate difierential was in the first 

instance. For, if the original primitive be solved for any one of the 

constants A, and we find Ass^ (j, y) then the equation f(xy y) — 

A = must be the same primitive under a different form, and if this 

be differentiated, the constant A will disappear, while all the others 

will enter the resulting differential equation. 

This differential equation, however, is not precisely the same as that 
arising firom eliminating the constant A, although immediately re- 
ducible to it by the introduction of a &ctor, and this it is of conse- 
quence to prove. 

In order to put in evidence the constant A, which we wish to elimi- 
nate, let us write the primitive in this manner, 

F(a?,y) + A/'(x,y) = .... (1), 

then, for the immediate differential, we shall have 

rfF(a',i/) + Arf/(a^,y) = 0, 

and if we eliminate A by means of these two equations, the result will 
be the differential equation 

^{^>y)df{x,y)—f{x,y)dV{x,y)=zQ .... (2). 

Now this equation is not precisely the same as that which would arise 
from solving (1) for A, and differentiating the result, although it may 
be readily rendered so by a fector. For the equation (1), when solved 
' for A, is 

/(-,3/) ••••^'>' 
of which the immediate differential is 

F {xy y) df{x, y) — / x, y) dF (x, y) ^^ ^^^ 



{/(^>3/)} 



3 
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Hence, as affirmed above, (2) is not the immediate or exact differential 
of (3), although it may be rendered so, by introducing the factor 

Hie equations (2) and (4) both involve the same relation (1) or (3) 

between the variables, yet we could not return from (2) to (1) or (3) 

without first introducing tiie &ctor (5), as this is necessary, in order to 

render it an exact differential. 

It must be remarked here that if besides A there also enter pov^ers of 

it in the primitive (1), then when tiie equation is solved for A, the 

function of x, y, to which it will be found equivalent, must contain 

radicals, since A has more than one value; hence the differential of this 

equation must contain the same radicals {Diff* Cole. p. 99), and, con^ 

du 
sequently, the expression for — y derived fix)m it will have as many values 

as there are units in the highest exponent of A in the primitive (1). 

But if, instead of getting rid of A by the above process, we differentiate 

the primitive, and then eliminate the term containing A, and afterwards, 

by means of this result and the preceding, eliminate that containing A% 

and so on, we shall in this way introduce no radicals, and shall yet 

finally obtain, as before, a differential equation without A: it follows, 

dy 
therefore, that as -- must necessarily have the same values here as in 

dx 

dy 
the former equation, — must enter in the same power that the constant 

dx 

dy 
A has in the primitive, and that, by solving the equation for —, we shall 

dx 

obtain the same expression as by the former process. Let us now 

briefly examine the differential equations of the succeeding oitlers. 

d^u 
The differential equation — r=0, immediately derived firom the 

dx^ 

primitive, contains two constants fewer than that primitive; but, by 

elimination, a differential equation of the second order may be obtained, 

in which any two that may be proposed of the constants in the original 
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primitive shall be absent, and there are two distinct ways in which this 
elimination may be performed. Thus, if A and B are the constants 
to be absent from the equation of the second order, then let us take the 
two equations of the first order, in the one of which A enters but not 
B, and in the other B but not A; from the first and its differential eli- 
minate A, finom the second and its differential eliminate B, and we shall 
have in each case the required differential equation of the second order. 
This equation has, therefore, two distinct primitives of the first order 
although but one final integral. As any two of the constants in the 
original primitive may be eliminated in this way, it follows that there 
are altogether as many differential equations of the second order as the 
n constants admit of combinations two and two, that is, there are 

"^^^ such equations derivable from the primitive. 

In like manner, by elimination, we may obtain a differential equation 
of the third order, in which any three proposed constants of the original 
integral shall be absent, and there are three ways in which the equa- 
tions of the second order enable us to do this; for, let there be taken 
those three of this order in which are absent the constants A, B from 
the first, A, C from the second, and B, C firom the third; then, elimi- 
nating C from the first and its differential, eliminating B from the se- 
cond and its differential, and A fix)m the third and its differential, we 
obtain in each case a differential equation of the third order, without 
A, B, C ; this equation, therefore, has three primitives of the second 
order; also, as the number of combinations of n things by threes is 

n(n — 1(« — 2) 

— , it follows that this is the number of equations of the 

1- 2- 3 ^ 

third order derivable fix)m the primitive. Without pursuing this rea- 
soning further we may obviously conclude that any of the equations of 
the wth order has m primitives of the m — 1th order which are all dif- 
ferent, and that the total number of equations of the tnih order, deriva- 
ble from the original primitive, is expressed by the number of different 
ways in which m of the n constants of the original primitive can be 
combined; the number of equations of the wth order is, therefore, 

n(n — 1( (» — 2) . . . . (« — m -{- 1) 
1 • 2 • 3 m * 
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If from any two of these the mth differential coefficient, or that which 
marks its order, be eliminated the result must necessarily be one of the 
m primitives of the m — 1th order; in like manner, by eliminating 
from any two differential equations of the same order the coefficient 
which marks that order, we shall arrive at one of the primitives of the 
preceding order, and thus at length at the final integral. 

In the preceding discussion we have considered F (j, y) = to be 

the complete wth integral of — — d!r»=0, containing all the n arbitrary 

constants, of which one is introduced at every integration; and it has 
also been seen that in setting out from this complete primitive, the 

equation — — ^ may be obtained from n different equations of the 

preceding or n — 1th order : from one by direct differentiation, and 
from the others by differentiation and elimination combined ; hence, 

conversely setting out from = 0, there must exist, besides that 

integral of the preceding order given immediately by integration, n — 1 
other equations of the same order that are equally integrals of the pro- 
posed. It might not be amiss to call these indirect integrals, and the 
other the direct integral. If a differential equation of the first order be 
proposed for integration, we may by differentiation deduce from it all the 
succeeding direct differential equations, to the mth of which the pre- 
ceding or w — 1th will be the direct integral; if, therefore, we can by 
any means obtain one of the indirect integrals, we shall then have 
altogether m equations preceding the mth differential, and in which 
there will enter m — 1 differential coefficients ; all these may therefore 
be eliminated, and thus a final equation in x and y obtained, which 
will be the complete integral of the proposed. 

Lastly, since direct differentiation introduces no powers of the diffe- 
rential coefficients, it follows that if we have a differential equation 
containing powers of the coefficients, we may be sure that it is one of the 
indirect differential equations derived from the primitive. 

The degree of a differential equation is detennined by the highest 
power of that differential coefficient which marks its order when the 
equation is freed from radicals. 
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(83.) It may not be amiss to confirm and illustrate the foregoing 
theory by an example. 
Let us take the primitive equation of the first degree 

y -^ax -{- b:^0 • • . . (1), 

then, by differentiation, we get the direct differential equation of the 
first order: 

| + «»=0....(2), 

wherein the constant b has disappeared. 

By eliminating the constant a, still common to both these equations, 
we get the indirect differential equation of the first order: 

y — «^ + *==0 .... (3). 

The equation (1) is the common primitive of both these, b being the 
arbitrary constant when it is considered as the integral of (2), and a the 
arbitrary constant when considered as the integral of (3). The direct 
differential equation of the second order as derived fix)m (2) is 

— ^ =0, 

the indirect equation derived by eliminating b fix)m (3), and its diffe- 

cPy 
rential is also — — - = 0, the two equations (2), (3), being the two first 
di 

primitives of this equation of the second order. 

Let the primitive be 

fljc* — y -j- 6x 4" <? = 0» 
By differentiating we have 

2aj:— i^-f-fe=0 .... (1). 



t. 



Eliminating from these equations first a and then b we have the two 
indirect differential equations 
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A -/ — 2y + 6x + 2<? = 0, ax* + y — x~ — c = .... (2), 
ax ax 

and from each of these equations a different one of the three arbitrary 
constants a, b, c, has disappeared. Now let us seek that particular 
equation of the third order in which the constants b and c shall be 
absent; this will be had by differentiating (1), which gives 

or by differentiating the second of (2), which gives 

2ax — X -j^ = 0, or 2a rv = 

the same as before; hence (1) and the second of (2) are the two first 
primitives of this differential equation of the second order. 
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CBA9TBlt XZS. 

ON THE INTEGRATION OF DIFFERENTIAL EQUATIONS 

OF TWO VARIABLES, AND OF THE FIRST 

ORDER AND DEGREE. 

(84.) A ^lifferential equation, wliatever be the number of variables 
it may contain, may obviously always be integrated whenever we can 
either separate the variables or render it an exact differential. In the 
former case the integration will be reduced to that of a series of diffe- 
rentials of one variable, and in the latter case the integration is effected 
by the method pointed out in last chaptar. We shall here inquire how 
equations of the first order and degree containing two variables may be 
thus prepared for integration. 

Separation of the Variables, 
(85.) We shall first consider the general form 

which is the simplest for which the variables are separable: X being a 
function of x without y, and Y a function of y without x. 

Dividing this equation by XY, the product of the coefficients, it 
becomes 

an equation in which the variables are separated, therefore 

is the sought integral or equation between x and j/. 

As a particular example let the equation (1 + a^ dy ^^ y* dx be 
proposed. 

Dividing by the product of the coefficients, the equation becomes 
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dy dx 

hence, by integration^ we have 

2y*==tan.-»« + C 

the required relation between x and y, 

(86.) The following is another general form in which the variables 
are readily separable, viz. 

XYd> + X'Y'rf« = 0. 

For dividing by XY' the equation becomes 

Ydy . X'<fo ^ 

where the first coefficient is a function y without x^ and the second a 
function of x without y. 

As an example let the equation be 

which belongs to the above form, since tiie coefficient of each differen- 
tial is the product of a function of x by a function of y. Dividing by 

yjS J it becomes 

apida.-j-?5Lh2dy — 0, 

and taking the integrals, we have 

Y«*+3y + log.yr=C 

the required relation between x and y, 
(87 ) In the form 

dy-|-Xy e^£=:X'</x • • • . (1), 

called a linear equation, because y enters only in the first power, the 
variables may be separated. 

To effect this separation put « = -^,X,beingany arbitrary function 
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of X, then 

y = zX, .-. dy = zdX, + Xjiz, 

and the proposed will become 

jrfX, + X, (dz + X» «fe) = X'dx. 
Now if the arbitrary function X' be determined from the condition 

xrfX, = X'<ix, thenX,(dr + Xsdx)=0 .... (2), 
from which last equation we get 

i=-x....,....-/x., 

that is passing from logarithms to the numbers, these all being powers 
of the base e whose exponents are the logarithms 

Substituting this value of z in the first of the equations (2) we get 

/rfX,= ^?^=X «/"■<** 

i 
.-. X,=/X'c^^da?, 
but we assumed y = zX,; hence, by substitution, 

y:=ze~^^{fX:e^^dx] .... (3), 

which expresses the relation between x and y. 

To this form may be reduced the more general form 

«fy4-Xy</x = X'y"+^''a' .... (4). 

For substituting 

, 1 \ , dz 



M *V1 -— . . 

yn 


z » 


. c 




the equation becomes 








dz 
nz*-*" 


dx 

+ X 

2* 




dx 
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I 

or multiplying by — na * ', 

dz — nXz <fx = — nX* dx, 
which agrees with the form (1), and consequently, by (3), 

2= - = e"^^ { - nfX'e"*^^ dx] (5). 

We shall add an example or two of the foregoing forms. 



EXAMPLES. 

1. Given 

dy -f- ydx = 03^ dx 

to determine the relation between x and y. 
In this example X = 1, X' = or', 

r.fXdx^x* .•./X'e-^^"*rfx = a/a»c'<ft=s(ex, 2, p. 59) 
ae* («« — 3a^ 4. 6.r ^ 6) + C 
.•. y=:a(x* — 3ac«-f6x — 6)4-Ce-', 
which is the relation between x and y required. 

2. Given 

(1 4- at') dy • — yxdfss. adx 

to determine the relation between x and y. 

Here 

X a 

X;=— r-T-?>X'=-■ 



l + x«' . 1 4- ** 



.-. fXdxss — log. >/ 1 + a^ .-. e^^^ = 



e 



but by logarithms 



* It is useless to add a constant to the integral of X dx, for suppose we 
do thh and write thus the integral so completed P + c, then the general 
formula (3) may be written 

y astf-rP . e-« {fX'eP . e<^dx} 

s=e-P{/X'eprfa}. 

s 
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Vl +x2 
J (1 4-a«>« V !+«« 

tlie relation required. 

3. Given dy ■\- ydx ^z x}^ dx to determine the relation between 
a- and y. 

This equation comes under the form (4), and we have here 

X = l,X'=«,n = 2 
.-. jyidi = X .-. /X' er^ST^ dx ^fxer-^ dx = xe-^ + ^ ^-a* + C. 
see ex. 5, p. 59 ; hence, by the formula (5), 

the relation required. 

(88.) The summation of some extensive classes of infinite series may 
be made to depend on the integration of linear differential equations; 
we shall here give an instance or two. 

4. Required the sum of the infinite series: 

X X^ X* X ^ 

By differentiating 

dv J?' 0.'^ x^ 

Transposing the first term and dividing by x, 

dy __ JL — ^ I ^ . ^ I ju^ 
xdx or "" 1 "^r^"*"FF5"^*^*' 

which is the proposed series; consequently, 
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ssjf .*. ay — xydx'=iaXf 



xdx X 

and thus the sum of the series depends upon the integration of the 
linear differential equation 

dy — xydx^=. dx, 
in which 

X=-x,X' = l .-./Xrfxss: — 4"^ 

,-. fYi't^^ dx =/c'^' dx.'.yzsz e**' {/«"*''' dx} . 

This, although an analytical expression for the sum of the series, does 
not, however, enable us to exhibit that sum in finite terms, because the 
integral within the brackets can be expressed only by series. The 
proposed series will, however, at once give us the development of this 
integral, or of the integral fe-* dz, by putting j? >/ 2 for .r, for we 
shall then have 

5. Required the sum of the infinite series 

^ ^ n ^ « (11 + 1) ' « (« -f 1) (n + 2) ' 
Multiplying by x»— >, 

n n {n -\~ 1) 

Differentiating, 

dv 
*""* ^ 4- (« — 1) yi*-*= (« — l)x"-»4- w«r"-> + 

— i^ — jr__i j» -J- «fec. 
Multiplying this by a*^", 

jw-i J^ 4. (« -» 1) yt«-2= (« — 1 ) *"•-* + »**■•»-» + 
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n 



x«» -|_ jfec. 



Multiplying now by dx, and integrating, 

//a^*-i ^ 4. („ _ 1) yx»^) rfx = ^-^ x"»-» 4- x»» -f — a:«+» + 
flfa? m — 1 w 

fw(m 4- 1) 



«(/t-f 1) 
«— 1 



x*+* -f &c. 



m — 1 
Therefofe^by differentiating 



x"»— 1 4- ^* y • 



x'«-» :/^ + (« — 1) yx'^-^sa (n— l)x*«-« -f- a« 3? 4- ma^*-»y 

, . n — 1 — mx , (n — l)dx 
x(l — x) "^ x(l — x) 

which is a linear differential equation agreeing with the form (1), and 
in which 



X(l — x)'^^ x(l— x) 

(» — 1) log. X — (« — 1) log. (1 — x) 4- 
m log. (1 - .) =. — J?5l^^ ... ./Xi*= 



log. ( 1 — :r)»»-"»-i ( 1 — . af)»-«^» 

consequently 



y= ^^ 






the integral within the brackets being that of a rational fiaction ; it must 
be corrected, so that^ may be equal to 1, when jr=0. 

6. Given 

rfy 4" y^* = «^ ^ 
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to determine the relation between x and y, 

y =s Ce-^ 4" ** ~ ntif^''^ •\- n (n — l)i»"^ — <fec. 

7. Given 

dy ydx =s hdxy 

to determine the relation between x and y, 

8. Required tlie sum of the infinite series 

9. Given 

to determine the relation between x and y. 

y* = C (1 - x«)*-i- (1 --*»). 

(88.) In addition to the foregoing general forms, the separation of 
the variables may always be effected in differential equations of the first 
order containing two variables, whenever they are homogeneous. 

In order to establish this, we must first prove that if m be a homoge- 
neous function of x and y, the degree of homogeneity being n, then z 
may always be put under the form 

w = i»F (— ). 

y 

For suppose the homogeneous function to be developed iiito a series 
of monomials, such as 

AxPy9, Bxfy^y CxP'yi^,&c^ 
then, by virtue of the homogeneity, 

/> + y = «, y 4- jf'ss «, I?' -J- y' ^ «, «fec. 

s2 
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If now we divide each of the terms by x", the first will become 
and the others will become 






so that we shall have 



— = F A .-. tt=i:x"F(-^). 
j:» ^ x' ^x^ 

Let now the equation 

Pdf + Q<fy = 

be proposed, in which P and Q are homogeneous functions of x and^ 
of the degree n. 
Then, dividing by a:*, it takes the form 

or, substituting z for — , 

X 

Y%dz -{-/zdy r= or Fi? +/z -^ = 0. 
In order to eliminate rfy, let us differentiate the equation — s= -?, or, 

X 

rather, y^zz x^ and we get 

dy ^^ xdz 

dx dx 

which, substituted in the foregoing equation, reduces it to 

-w^ , f f , xdz . ^ 

xd% Fa? -f- tfz 

dx fz 

dx dzfz 

X ~ f% + z/z 



• • 
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an equation involving the same relation between x and y as the pro- 
posed, and in which the variables Xy z are separated, and which gives, 
by integration, 

.og., = -/^^, 
so that, after having obtained the integral on the right, we shall only 

y 

have to substitute in the result — for z, and we shall then have the 

X 

relation between x and y sought. Let us apply this general process to 
one or two particular cases. 



£XAMPL£i». 

1. To determine the relation between x and y in the equation 

X — y 

Multiplying by jr — y, this becomes 

(x* 4- yx) dy = {xy — y ) d«, 

which is homogeneous, and of two dimensions, therefore, dividing by 
3^, we have 

y 

that is, substituting z for — , 

X 



(i+.)^=(.-A 



but, since 

dy , xdz 

hence, by substitution and division^ 

, adz z(\ — *) 
^ da 1 + s 
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xdx 2s» 



dx 1 + ; 

dx 1 +« 



• • 



dz, 



a> 2t« 

consequently 

\ Pdt \ pdt \ 1 , 

log.x = - -J --^y - =_-_ log.x + C 

which is the relation required. 

2.. Given 

X dy — y dx =s rfx v»* — y^ 

to determine the relation between x and y. 
Dividing by jc, this equation becomes 






y 

or, substituting ^ for — , 

X 



S— ^^^' 



or, putting instead of — , its value 

dx 



it becomes 



dx 


i' + 


xdz 
dx' 


xdz 
dx 


= ^ 




1— «« 


dx 

• 




dz 



.-. log. X = sin.-" « + C = 8in.~> — 4- C, 
the relation required. 
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It ought to be remarked, that if any function of — , unmixed with the 

X 

variables in any other form, enter an equation which would o^rwise 
be homogeneous, the equation may be treated as if it were homogeneous, 
and the relation between x and y will be determined; the following 
example will illustrate this remark t 

3. Given the equation 

— — 

T^dy — y* dx := {x -f- y )' e * dx 

to determine the relation between x and y^ 

y 
Dividing by x*, and substituting z for — y we have 

X 



that is, since 



'S=^'+<^+'^'*-*' 



dit , xdx 

— ==« 4- — 
dx dx 

dx 

dx e*'tdz 

.•• log. X = — — ; — — h C = i h CT* 

4. Given 

xdy — ydx =s dx v x^ + y* 

to determine the relation between x and y. 

x» = 2Cy + C«. 

5. Given 

3/dy + (« 4- 2y) da: = 

to determine the relation between x and y, 

log.(x + 2/)-h--^=sC. 

x + y 
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6. Given 
to determine the relation between x and y, 

89. Equations may sometimes be rendered homogeneous by means 
of certain substitutions. Thus the general example 

(]wr + ii3f+;»)tfff+(ac-f6y -f c)d>s=:0 

will become homogeneous, if we put 

and then determine a and /3 fix>m the conditions 

j9 + m« + m/3 3= 0, c + aA + &i3 = 0, 
for it will then become 

(90.) Let us now examine the different integrable case of 

The Equation of'Riccati, 

dy -{• by^ dx =z axi^ dx . • • • (A), 

1. Let //{ = 0; then this equation becomes 

dy =s by^ dx = adx .*. dx = j-j > 

where the variables are separated, and, by integrating, we have for the 
relation between x and y, 

2o* X 4- C = log. (a^ + i^) — log. (a* — A* y). 

2. When-m is not 0, let us inquire for what values of tn the equa- 
tion may be rendered homogeneous. For this purpose put y = z*, and 
it becomes 

As*—* dz -\- bz^ dx = ax^ dr, 

which cannot be homogeneous, unless 



THE INTEGRAL CALCULUS. 203 

k — l=2^ = m.*.A:= — 1 .•.»! = — 2; 

hence the only case of Riccati's equation that can be rendered homo- 
geneous is 

dy 4" %* dx =s axr^ dx, 

which is rendered so by the substitution of «r— * for^. 

3. Besides the case 1^ above, which is the simplest for which the 
variables are separable, Euler has found an infinite number of other 
cases, in which the separation is possible. To discover these, let us 
assume 

3, = -y'i'« + £ (1), 

either of the variables x*, y' being arbitrary, tnen 



d>=:-2xyd«'-a;«rfy'+-^ (2), 



and 



* - / -'a >J% 



2v x^ X 
y«=5^x'*-.i^ + y (3). 



Now, by adding to the first of these equations the second multiplied 
by 6rf.r, the sum of their second members will be equal to the first 
member of the proposed equation (A). Let us see, therefore, whether 
we cannot assume for the arbitrary quantity x' suclf a value as may 
render the result of this addition similar in form to the first member of 
(A), as well as equivalent to it in value* The suitable expression 
for .r' is easily perceived to be 

1 1 , hdx' 

for, multiplying (3) by this last, and adding the product to (2), we 

shall have 

_ x/2 rfy _ hy^ x** <fo' = — ««'-«-« </«', 

or 

dvf •\-hi/^dx' 'sss.ax'^^-^dx .... (6), 

which equation is similar to the proposed, and has the same coefficients 
a, 6 with the same signs. By means of this transformation it appears 

from the first case that the proposed is integrable when — m — 4=0, that 
is, when m= — 4, and generally diat for whatever value n of m the 
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proposed becomes iotegrable, it also becomes integrable for another 
value, viz. that given by 

— m — 4sBn.*. m=: — n — 4 . . . . (6). 

It appears, therefore, from what has now been said, that whenever we 
have any case of Riccati's equation that may be compared to the form 
(5), it may be immediately changed to the form (A), the variables in 
the transformed equation being related to those in the proposed as in 
(1), (4). That is, the equation 

dy •\- by* dx ssz ax-^-~* dx .... (7) 

is the same as 

dy'+bj/^dx's=ax''»dx' .... (8), 
in which 

1 X 

*' = — and y = — ya^ + --. 
jp o 

Again, assume in the equation (A), 

1 di/ 

y=± — *''dy=± -^ .... (9), 

and it becomes 

T <// 4- ^dx = ay^ x"* dx, 
in which, if we put 

dx' 

a«'«+» = a/.'.x»»^/x= .... (10) 

w + 1 

we have the transformed equation 



=F a 1/ H — r- X =: — — y^dx, 

• 7M + 1 w/ -f 1 ^ 



or 



dy±--~y''dx-=±—^x '" + '....(11). 

Now it may be remarked here that the only integrable cases of 
Riccati*s equation hitherto discovered, and which we are about to 
exhibit, are those in which the exponent m is negative, and numerically 
greater than unity, with tlie exception of the fundamental case^ jn = 0, 
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already considered ; therefore, since, in the equation (11), m-}-! is 
necessarily negative, it follows that when the upper sign has place, that 

is,when — is put fory in (A), then in the transformed equation (11), 

y 

the signs of the coefficients, in the first and second members, will be 
respectively opposite to those of the coefficients in the second and first 
members of (A). But when the lower sign has place in (11), that is, 

when is put for y, then the coefficients in the first and second 

members of (11) have respectively the same signs as those in the second 
and first members of (A). Hence it follows that whatever be the signs 
of a, h, we may always infer that the equation 

is the same as 

di/" -\- by'^ dx' ^ asf^ dj^ .... (13), 
in which 

ac'r=ap''"+* and v^=i: — r> 

y 

abstraction being made of the signs of a and 6. 

Ilappears, therefore, that whenever (12) is integrable, (13) is also 
integrable, and we may now shew that there are an infinite number of 
integrable cases of Riccati's equation. For, let n be one of the inte- 
grable cases of (12), then 

= « .«. I» = — -- , , . . (14), 



m + 1 » -f 1 

so that by (13) this value of m belongs to an integrable case. 

The integrable cases hitherto found are those where the exponent is 
eitiier or — 4, the first put for n in this formula gives no new case- 
but substituting the latter we have 

— 4 4 

'"=--=:4TT"'"ir' 



8 
3 


8 


-i*~ 


6' 
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which is, therefoiey an integrable case; hence, putting this value for n 
in {6\ we have another integrable case, viz. 

"* 3 3* 

Putting this for n in (14), we have another integrable case, viz. 



m^z — 



and thus, by using alternately the expressions for m in (6) and (14), 
we find that besides the two cases in which the values of m are 0, and 
— 2 the equation is also integrable, when m is any term in the infinite 
series 

4 8 8 12 12 16 ^ „ ^ 

the general term being the negative number 

4y 
" = ^2fTl' 

which we may consider as the criterion of integrability of Riccati's 
equation, when m is neither nor — 2, q being any number in the series 
1, 2, 3, &c. 

It must be observed that the fii-st, third, fifth, and all the odd terms 
of the series (15) arise firom the formula (7), and the second, fourth, 
sixth, and all the even terms, from the formula (12), so that, when, in 
any proposed case, m is an odd term of the series (15), we must com- 
pare it with (7), and deduce the transformed equation (8), the expo- 
nent in which will be the preceding term in the series (15). We shall 
tlien have to compare this reduced equation with (12), and deduce the 
transformation (13) in which the exponent will be the next preceding 
term of (15), we shall, therefore, return with this equation to (7), and 
so on, alternately using the forms (7) and (12) till at length the expo-r 
nent in (7) becomes — 4, when the transformation (8) will be the 
final equation, and vnll be immediately integrable. An example vnll 
clearly illustrate this: 
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EXAMPLES. 

(91 .) 1 . To determine the relation between x and y in the equation 

8 
Since the exponent m =^ — — is found among the terms of the series 

(15), we are sure that the proposed is an integrable form, and our ob- 
ject is to reduce it by successive transformations to the fundamental 

8 
form, w = 0. In order to this, as — — is an odd term of the series 

3 

we must commence these transformations by comparing the proposed 

with (7), so that 

8 4 
a = 2, m .-}- 4 := -— .•. m = -^ and 6=1, 

3 o 

and the first transformation (8) is 

dy' -^ by'^ dx — 2x'^ . . . .(1),' 

comparing this with (12), we have 

a ,6 « J »* 4 

=s 1, prr- = 2 and 



m + l ' m + 1 w-fl a 

from which we get 

a = — 3, 6:= — 6, wi=-— 4, 
so that the second transformation (13) is 

rfy'^6/^rfx' = — 3x'-*rfx' .... (2). 

Returning with tliis to equation (7), we have for the final transforma- 
tion (8) 

dy"'^dy"'^dx"'=:—3dg" .... (3), 

of which the primitive is 



X 
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It remains then to substitute in this equation, for afy y, their proper 
values in terms of jt, y. From (4) and (1) we have 

X 



also 



x"'=l,y"=-,'^— 1^, 



and flbm (9) and (10) 



=.*.y=^= 



y* « — yat* 



hence, by substituting these values in the equation (4), we have the 
following equation between x and y^ viz. 

^n/2 6-f xi(3^/2-fx*)(l— yx) 

or, since 

6 ^/ 2x~^ = 6 ^ 2*"'* log. e = log. «« Var-t^ 

the equation may be written thus, by passing from the logarithms to 
the numbers 

e6VW ^ Q-f^*(3^/2+»*)(l-yx) J^^ 
6— X* (3 v'2 — x^)(l — yx) 

2. To determine the relation between x and y, in the equation 



X* 
9a 



^ * , x(xy — l) + g _ ^ 
X (xy — 1 ) — a 

3. To determine the relation between x and y, in the equation 

rfy + y' <^^ = — ff^ *■** 

h C = tan.-* — ^ . 
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4. To determine the relation between x and y^ in the equation 

■i^=tan.- ^ + y»^-«' +c. 
x^ 3/s/2«8 (ay + l) 

It may be observed before terminating this article, that every liqua- 
tion of the form 

dy -f- *3/* Jt^ dx = avf e/x . . . . (B), 

which indeed is he form in which the equation which bears this name 
was proposed by Riccati, may be reduced to the simpler form (A), by 
substituting 

jfi dx for dz, 
for we thus get 

— — — - = z and X = {(j- -f I) x] «■»■* , 

y "r * 

and, differentiating this last equation, we have 

z *+' dz 
dx = ■ , 



(.9 + 1) '+' 
also 



Xl'={(y+1)8}«+S 

and these values, substituted in the equation (B) transform it to 

dy '\-by^dz = a(q-\-l) «+* « 9+^ rfz, 

which agrees with the form (A), page 202. 

Having now considered the principal cases of differential equations 
of two variables, which may be integrated by the separation of the 
variables, it remains to examine those equations which may be con- 
verted into exact differentials. 



T 2 



die THE IKTBOEAL CALCULUS. 



On rendering Differential Equations exact, 

(92.) Every differential equation 

Mrfx + Nrfy = .... (1) 

neccjisarily implies a relation between x and y, which relation exhibits 
the primitive of [that equation. It is not necessary, however, that (1) 
should arise from this primitive by direct differentiation, it may arise 
from eliminating a constant between this ppmitive and its direct diffe- 
rential, and if so it will not satisfy the condition of integrability (78) 
which has place only for direct differentials. The relation, however, 
between x and y is the same both in tiie direct and indirect differential 
equation, as already observed at page 183, and on this account itis easy 
to see that the one ought to become identical with the other, by intro- 
ducing a factor, but that a factor will render every differential equation 
exact may be directly proved as follows : 
Divide the equation (1) by "Sdx and it becomes 

p' + KrsO .... (2), 

M 

K being put for -— , and let us suppose that c is the constant, by the 

elimination of which from the primitive F (x, ^) = and its immediate 
differential the equation (1) or (2) has been produced. The same will 
be produced if we solve the primitive for c and differentiate the result; 
that is, putting the primitive under the form c =y (x, i/) and differen- 
tiating, we have 

that is, 

P/ + Q = P(p'+K), 

but the first member of this equation is the exact differential oi f{x, y); 
hence the second member is the exact differential of the same function, 
so that there always exists a &ctor P which will render any proposed 
differential (1) integrable. 
Besides the factor P, there exists also an infinite namber of others 
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that will render the proposed integrable for representing the integral of 
MP dx -f NP (fy = by m, we shall have 

d« = MP«/ar-f NPrfy, 

and multiplying each member by any arbitrary function of tr, ^u we get 

^u du = 0« (MPrfx 4- NPdy), 

and it is obvious that we may assume 0u of an infinite number of 
values that may render the first member of this last equation an exact 
differential, and consequently the second member also. 

As to the determination of one of these Actors z, in the first instance 
we know that since M^dr + ^zdy is an exact differential, we must 
have the condition 

dy dx * 

that is, 

<^i/ dy dx dx 

from which equation we can deduce a value for z in particular circum- 
stances, viz. 1st, when this fiictor happens to be a fiiifction of only one 
of the variables, and 2d, if the differential expression is homogeneous. 

dz 
(93.) Let ;? be a function of x only, then -— = 0, and therefore 

dy 

from equation (3) we deduce 

^Ihj dx'^ N"""T' 

so that the first member cannot contain y, hence, if there exist a 
factor z which is a function of x only, we must have in the first place 
the condition 

and then to determine z we have the equation 

log. I = /F« dx. 
Let us take a particular case or two of this kind. 
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EXAMPLES. 

1. To determine the primitiye of the equation 

ydx — xdy ^ 0. 

Here 

rfM dlf I _ 2 



.dx 1 

... log.« = — 2/— ^log.~ 

__ 1 

therefore, multiplying the proposed by this, we have 

ydx---xdy 

of which the integral is 

2. To determine the primitive of the equation 

xdy + (^ — 2y) do? = 0, 

dU dN 1 __ 3 

' <f 1/ rfx N ~" «• 

.vlog.s = -3/---=slog.- 



therefore, multiplying the proposed by this, 

which is ^n exact differential, the primitive being 

x» 2a» ^ 
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3. Let the linear equation 

be proposed : 

^ dy dx * N"" 

.•. log. 2=/PcZ« .-. z = e^^^, 

therefore, multiplying the proposed by this, we have 

of which the primitive is 

or 

y = e-^^{fe^^''Qdx}. 

It must be observed that x is not necessarily the factor which wiU 
render the equation integrable, although the condition (4) have place, 
for there may not exist any such &ctor: we cannot affirm therefore 
that the proposed after having been multiplied by the Victor z, as 
determined from that condition, has been rendered integrable till we 
have submitted it to the criterion of integrability (78). The following 
example from JephsorCs Fluxional Calculus is not to be rendered 
integrable by any fector which is a function of x only, although the 
condition (4) has place. 

4. Let the equation be 

aydx -}- ^uxdy = xydx, 

\— T-l rrr^Z-- (« — « — 2a) = -^ 

1 pdx I /*, 1 a? 



and if the proposed be multiplied by this the result will not satisfy the 
condition of integrability. 
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5. To determine the primitive of the equation 

V 1 — x« 

6. To determine the primitive of the equation 

fly ^5^ -f (cs — by*) da: = 0, 

by* — cx — -—^Ce' . 

(94.) Let us now consider homogeneous differential equations. It 
may be proved that equations of this kind may always be rendered 
integrable by means of a honK>geneou» factor, and as the method of 
shewing this is just as easy for any number of variables as for two, we 
may as well take the more general case. 

Let then the proposed equation be 

rfw3=Mrfx-f Nrfy + Prfx-f &c.=cO .... (1), 

which we shall consider to be homogeneous and inexact, and let U 
represent the factor which ought to render du an exact differential d'u; 
we shall then have 

V du = V Udx + VSdy -{-V Fdz -{- Ac,=:du=zO .... (2>. 

But from the property of homogeneous differential equations, demon- 
strated at (80), we have, by putting n for the degree of homogeneity 

of u'j 

UMx4-UNy+UP2-f-&c.=»w' .... (3); 

hence, dividing equation (1) by this, we have 

Mdx 4- Ndy 4- Fdz -f «fec. __ duf 
Mx + Ny + Ps 4- <fec. "" m? ' * * * ^ ^' 

Now the second member of this equation is an exact differential, its 

1 
integral being — log. u', consequently this equation shews that the 
n 

factor U, requisite to render (1) an exact differential, is 
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u^ '- . 

Mx -f- Ny + Pz -f <fec. 

If there are but two variables, the requisite &ctor to render 

Mdx4-Nd>=0 
an exact differential is 



Mx 4- Ny 



If the degree of homogeneity, n, of the sought integral should be 0, 
this process becomes inapplicable (80). 

When it so happens that the factor thus deduced is oo or the 
denominator of U is 0, it becomes useless, as we require a finite factor, 
and this may in such cases be often otherwise discovered. Thus, 
taking the equation of two variables 

Mrfx 4- Nrfy = 0, 
if we find that 

so %at the proposed may be put under the form 

M{^^^^^}=OorMyd-^ = 0, 

which will obviously be an exact differential if we multiply it by a 
factor U capable of rendering UlVIy equal to a flmction of — , and such 
a factor may oflen be readily discovered. 

EXAMPLES. 

1 . To determine the integral of the differential equation 
(yx -4- y^) dx — (x* — ■ yx) dy = 0. 
In this example 
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. IT — _1_— JL. 

therefore, multiplying the proposed by this fiLctor, we hare 

2y 2y* "^2«"^2y"" ' 
of which the integral is (79) 

f- log. »y = C. 

2. To determine the integral of the difierential equation 

{(Af-\'y*}dx — (i:*-|- xy*)«/y=;0. 

Here 

M = y(x« + y*),N = — *(x«-fy*), 
so that 

Mx + Ny = 0, 

and therefore, as above, the proposed may be put under the form 

Myrf — = = y(x« + y«)rf— , 
and we have now to discover what factor U, will make 

It is easy to perceive that j/' .r' is such a factor; multiplying by it, 
therefore, and we shall have, to integrate the equation, 

or 

( + i)rfz = 0. 

Tlie integral of this is z = C, and, therefore, that of the pro- 

z 

posed is 

^ = C. 

We need not multiply examples here, as the student may apply this 
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process to the homogeneous equations, integrated at (88), by the 
separation of the variables. It is easy to shew that in every case in 
which the separation of the variables is possible, a &ctor may be found 
that will render the equation an exact differential, but we shall not seek 
this &ctor, as the process would comprehend only that class of differen- 
tial equations which we know may be integrated by separating the 
variables. 

As every differential equation of two variables is capable of being 
rendered an exact differential by means of a &ctor, and as, unfortunately 
analysis in its present state furnishes us vnth methods of finding this 
factor in but few cases, analysts, and especially Euler, have been in- 
duced to consider the inverse problem; that is, instead of seeking for 
the factor which would render a differential equation integrable, they 
have sought the relation which ought to exist among the variables and 
differentials of an equation, given in form only, in order that a factor 
given also in form might render it integrable. But, observes Mr, 
Peacock* ^* these investigations frequently involve differential equations, 
which cannot be integrated by any known method, and it cannot be 
said that the cases in which they are successful are of very great im- 
portance or extent. In order to ensure this method all the success of 
which it is capable, it would require a very complete classification of 
the forms of differential equations of the first order, as well as a know- 
ledge of the forms of the multipliers which are suited to each class. The 
immense extent, however, of this inquiry, and the difficulties which are 
met with, even in the simplest cases, preclude all hopes of its proving 
of much service in the general integration of differential equations of 
the first order." On the inverse method of f acton the student may, 
however, consult Dubourguet Calcul, Dif, et Int, tom. 2, p. 88, and 
Jephson*8 Calculus, vol, 2, p. 145. 

(95.) Before terminating the present chapter, we shall remark that 

we have sometimes to differentiate under the sign of integration, that 

_ du 

is, M being a function of x and y, to determine — from ussfMdx; 

dy 

this is done as follows: 



* Examples of the application of the Differential and Integral Calculus , 
by George Peacock, a.m., prs., <fec. <fec, p. 340. 

u 
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Since 

— = M and — ^ — 



dx dydx dxdy dx dy 

we have, by multiplying by dx^ and integrating as regards x, 



dy tJ dy 



ON THE GEOMETRICAL APPLICATIONS OF DIFFERENTIAL 
EQUATIONS OF THE FIRST ORDER AND DEGREE, 

AND ON EQUATIONS OF 
THE FIRST ORDER AND HIGHER DEGREES. 

(96.) Before we proceed to consider differential equations of the 
higher orders and degrees^ it will be desirable to present to the student 
a few geometrical problems of which the solutions depend upon the 
principles taught in the preceding chapter. 

PROBLEM I. 

To determine the curve whose tangent is a mean proportional between 
the part of the axis intercepted between it and a given point, and that 
same part augmented by a given line. 

Let the rectangular axes originate at the given point, and let a denote 
the given line. The distance of the origin from the intersection of the 
axis with the tangent will be expressed by the difference between the 
subtangent and abscissa, that is, by 

dx 

hence, by the conditions of the problem, the differential equation of 
the required curve is 



or 



or 
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__ (a — 2x)y</c~(g — jf)j?</ y 

and, as the second member is an exact differential, we have, by inte- 
grating, 

y = ^ <— + C .-. y« = (a — «) « -f. Cy, 

therefore the equation of the curve is 

y' + a'— (ff* + Cy) = 0, 

which is, therefore, a circle passing through the origin, and of which 
the coordinates of the centre arc ^ a, ^ C, (Anal. Geom. p. 39.^ The 
determination of C requires an additional condition^ 



PROBX.£H II. 

To determine the curve of which the normal is equal to that part of 
the axis of x intercepted between it and the origin. 

The part of the axis between the normal and the origin is the sum 
of the subnormal and abscissa, that is, it is 

also the expression for the normal is 



hence the differential equation of the curve is 






ot 
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or 

This equation is homogeneous but not an exact differential; hence, by 
(94), the integral is 

consequently ihe required curve is a circle passing through the origin, 
and of which the radius is C, any arbitrary line. 



On TruQtctorki. 

(96.) A tngectory is a curve which intersects a given fiunily of curves 
all in Ae same constant angle. 

Let the general equation of any fiunily of curves be 

F(«,y,*) = .... (1), 

a being the arbitrary parameter, and let the sought curve be such as to 

intersect each of these in the constant angle tan.—* x. Let us first 

consider some individual curve of the family (1), a having a fixed value, 

dy 
then putting;?' for the -j- derived from its equation, in order to distin- 

dx 

dy 
-gliish it fh)m the -f- derived ftom the equation of the sought curve, we 

dx 

have (Anal, Geam, p. 25^ 

dx ^ 
a = ' — - — .... (2). 

"dx^l^ap W- 

Now whatever be the sought curve, this equation, in conjunction with 
(1) will obviously determine the point (^9^) of intersection vnth the 
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indiyidual curve. It follows, therefore, that if we eliminate the para-< 
meter a, by means of these equations, the result will be the locus of these 
points for all the curves of the family (l), that is to say, it will, be the 
equation of the trajectcury sought 

If the constant angle of intersection is a right angle, then as= oo, 
and consequently from (2) 

1+y^^O (3-), 

and eliminating a, by means of this and (1), the resulting equation will 
be that of the rectangular trajectory. 

It may be here remarked that instead of leaving the elimination of a 
till we come to the equation (3) or (3*), we may previously perform 
the elimination by means of (1) and its differential j/, since p' is the 
only term in (3) into which it can enter. 



PROBLEM III. 

To determine the curve which intersects at aright angle every straight 
line of the family 

y = ax • • • • (1), 

that is to say, all the straight lines that can be possibly drawn through 
the origin. 

By differentiating this equation, we have 

p*:s:a • • • • (2), 

therefore, eliminating « by means of this and (1), we have 

,\xdx+ydysaO, 
which is the differential equation of the trajectory; hence, by integrating, 

x«+3f«=:C, 
so that the trajectory is a circle of arbitraty radius. 



u 2 
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PROBLEM IV. 

To determiDe the trajectory which intersects the series of strai^t 

lines 

y=iuc 

in the oblique angle tan.->a. 
Asbefore, 

hence the equation (3) is 



JL + a 



dx , y 

1 — a -^ 

X 



. • . (* — ay ) rfy — (y + flwt) d« = 0, 



which is the differential equation of the sought curve. By integrating 
this (89), we have 

tan.-* 2^ = a log. C >/«*4-y*, 

X 

but a times the hyp. log. of any quantity is equal to the log. of the 
same quantity in the system whose modulus is a ; hence, calling the 
base corresponding to this modulus h, the foregoing equation is the 
same as 

Log. h tan.-> — = Log. C ^Ja^-^y^ , 

or, putting 

~~^~ -.. V a^ — y" = r and tan.—* — = « 



X 



6*^ = Cr, 



C being arbitrary. If we assume it so that r = l when w^O, then 
C=: 1, and the equation becomes 






which is that of a logarithmic spiral; 6 being the base of the system re- 
presented, a=tan. /. P (see Diff, Calc, p. 118,J the modulus, and 

y 

tan.- » — s= w being the angle PFA. 
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PROBLEM y. 



To determine the rectangular trajectory of the system of parabolas 



Here 



;,' = ^.nd. = |!.-.y = ^. 



Hence the equation (3^ is 

aX dx 

which is the differential equation. Integrating this, we have 

the equation of an ellipse, of which the centre is at the common vertex 

of the variable parabolas, and of which the axes are 2>/C and v 2C. 
As C is arbitrary there are, as usual, an infinite number of elliptic tra- 
jectories, but in all the axes are to each other as 2 to ^ 2, or as ^y 2, 
to 1. 



PROBLEM VI. 

To determine the rectangular trajectory of the series of parabolas 
whose general equation is 

y»= ax*. 

The trajectory is the ellipse my* + war* = C» 



PROBLEM VII. 



To determine the rectangular tajectory of a series of circles all touch- 
ing a given straight line at a given point. 

Any circle passing through the given point, and having its centre .on 
the given line is a rectangular trajectory. 
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Integration of Differential Eguatiom of the First Order and of the 

Higher Degreu, 

(97.) Hie most general form of a diflfieiential equation containing two 
▼aiiables, and of the nth degreey is 

■g-H-P-^ +•••. + Mg + N = .... (1). 

and such an equation we know (82) cannot be the immediate diffe- 
rential of any integral, but must be derived from its primitive by the 
elimination of a constant which enters it in the nth degree. This 
elimination may be considered to be performed thus. The primitive 
being solved for the proposed constant C we shall have, in consequence 
of C having n roots, n expressions for C, in terms of x and y, from all of 
which C will vanish by differentiation, and we shall thus have n diffe- 
rential equations of the first degree of which the integral of each will 
satisfy, being indeed a fiictor of, the primitive, and their product will 
be the equation of the nth degree (1). 

Hence, to return from (1) to the primitive, we must find its n com- 

dy 
ponent fectors of the first degree in --, integrate each of these annexing 

dx 

the same constant C and then multiply the n results together, and we 

shall thus have the complete primitive. The theory of this class of 

equations is therefore very easy and obvious, but the resolution of (1) 

into its component simple factors, or, in other words, the solution of an 

equation of the Tzth degree, is a problem not to be accomplished in the 

present state of analysis, except in a few part\pular cases. We shall 

give an example or two in these cases. 



EXAMPLES. 

(98.) 1. Given 

This being an equation of the second degree, the two values of dx 

d^ 
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are determinable: they are 

dy — a? ± */ y* -4- a* 
dx y ' 

hence the component factors of the proposed are 



da 

dy 
dx 



y^. + «-^/yM^ 



which reduce to 



ydy-\-xdx . 



and it is plain that the first member of this is the differential of 
± '^t^ -f ^\ consequently the factors of the required primitive are 

of which the product is 

It is easy to see, without further illustration, how the primitive b to be 
obtained, when the proposed differential equation is resolvable into its 
constituent Actors. When this resolution is impossible, the primitive 
may nevertheless be obtained by analytical artifice, when the proposed 
appears under certain forms. 

I. 

The solution may be effected when only one of the variables x 
or y enter the proposed, provided the equation can be solved for this 
variable. 

Put// for the differential coefficient, then, as the equation contains 
but one of the variables, say j:, and as moreover it may be solved for 
this, we may reduce it to the form 

x = F/ .... (1). 

Now since dy ssj^'dlr, we have, by integrating by parts, the second 
member. 
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y^stp'^fxdp' • . • . (»). 

Substituting (1) in (2), we have tiie equation 

y=ip'Tp'—fFp'dp' (3), 

it remains, therefore, to integrate the differential of a single variable 
Tp'dp% and then to eliminate j>'^ by means of (1) and (3); the result 
will be the sought relation between s and y. 

It may be here remarked that if the proposed equation is not so 
easily solvable for x, as for j/, then, instead of (1), we had better get 

p' s= Tx .*. c?y se F« * dxf 

which immediately gives the required relation 

y =s/Fx • dx, 
2. Given the equation 
dv* 

to determine the relation between x and y^ 
Solving for j:, we have 

1 



• • • • 



(1-r 



Hence the equation (3) is 

_ p' _ p dff 

!> -r 1 
putting in this the value of/, furnished by (1), we have 

X 

If, in the case we are now considering, the proposed is not solvable, 
either for x or p\ then the artifice usually employed is that of substi- 
tuting xz ioxp'y as by this means we obtain an equation of which all 
the terms, unless one is constant, become divisible by a power of x^ 
and therefore the degree of the equation may be depressed. If then, 
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in this depressed state, the equation can be solved for x in terms of z, 
or for z in terms of x^ we shall have, by substituting the result in the 
assumed condition p's:!";?, either 

dy 
—^^tfz.'.y^zfzfzdfi .... (1), 

or else 



^^xfx.\y:sfx/xdx .... (2). 

In the first case the relation between x and y will be given by com- 
bining (1) with the depressed equation. 
3. Given the equation 

dv 
Here, if we were to substitute yz for —-, we should be no more able 

. ax 

to depress the equation than in its present form, because of tlie constant 
1 ; but if we change its form by multiplying the terms by -77-, it be- 
comes 

dx 
which, by the substitution of v* for ---, reduces to 

dsf 

3^* -|-y* «« +^ «*a or y -H ?* + ys* = 

hence, in virtue of the condition 

dx = yx dy, 

we have, by substitution, 

_ 2z*dz 3aVg 

*'*-" (! + «*)» (l + «»)' 
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and, integratingy 

The equations (1) and (2), combined, express the relation between x 
and y. To eliminate z we may first determine 1 -{- z^ firom the 
quadratic (2), and thus obtain the function of x, which equals the 
denominator of (1); and if 1 be taken fiom this function, the } power 
of the result will be the niunerator. 

II. 

The solution may be effected when both variables enter the pro- 
posed, provided they render the terms homogeneous with respect to 
the variables, and provided, moreover, we could solve the equation £i>r 
X, if it were equal to y. 

For, let n be tlie degree of homogeneity, then, by substituting xz for 
y, and dividing by jr*, which must necessarily be a common &ctor of 
the terms, we shall have an equation between z and p', in which the 
highest power of X will be n; if then this equation can be solved for z, 
we shall have 

z = Fp' .*. dz = rfFp , 
but, since 

y z^xz .*. dj^ = xdz -|~ Z(2x. 

or, substituting for z and dz the vtdues above, 

or, since dy^p'dx^ this equation reduces to 

(p- - F/) d, = xdYp- .-. ^ = J^-., 

X p — rp 

whence 

and this, in conjunction with .the assumed condition 

3/ = iF/, 
furnishes th? required relation between x and y. 
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4. Given the equation 

y — xp'=zxW\ -f-y 

to determine the relation between jr and y. 

Putting xz for y, aiid dividing the result by x, we have 

and from the equation 

j/dx ssdysszxdt + tdx 
we get 

djf dz djf p'dp' 

le'^p' — t "■ >/T+y« l+J*** 

and, integrating 

log. X =-. log. (p' + V'lT?') — lo«- ^^1+?"+ log. C J 
hence 

and this, in conjunction with the assumed cbnditioh 

y===xs==:«(/+ ^/^fp) 

expresses the relation between x ^dy. To get thki in sf single equa- 
tion, we must eliminate J9'; and, in order to t^is, substitute the value 
of X, above, in this expression for y, and it becomes 



hence, by substitution, the expression above for x becomes 

C ^ >/c«— y«' 

the relation required. 

3^ 
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III. 

Another integrable form is 

dy 
in which the function F-f- contains neither x nory. This is ClairauVs 

ax 

form. 

By differentiating this form, we have 

•'y _„_„'. , l^l . ''!>' _*: 

ajf—r v -r it "^ dp' dx 

which equation leads equally to the two conditions 

r4) .... X 4- ■^ = 0:and -^ =0 . . . . (5). 

dp " dx ^ ^ 

dFp' 

Now the first of these contains no differential, for is the diffe- 

dj/ 

rential coefficient of (//?', and is, therefore, a function ofy, so that, ii p 
be eliminated by means of (1) and (2), the resulting equation between 
X and y will certainly satisfy the proposed, but yet cannot be the coin- 
plete primitive, since no arbitrary constant is introduced. The com- 
plete primitive must, therefore, be fnmished by the other condition (A). 

Now the condition = leads to j^' = C ; hence the remarkable 

dx 

fact, that in Clairaut's form the complete primitive is found, by merely 

substituting the arbitrary constant C for p' in that form. 

EXAMPLE. 

To determine the complete primitive of the equation 

dy , dy" 

or 
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Substituting C for //, we find for the primitive the equation 

as is obvious^ for if we differentiate this, we get /)' = C, and this^ put 
for C, in the equation, produces the proposed. 
In like manner, the complete primitive of 

ydx — xdxf = a (dx* -|" <^J/') > 
or 

is 

y-hCx + a(l-f C')l 

IV. 

We shall terminate the present chapter by exhibiting the integral of 
the form 

y=Px4.Q, 

where P and Q are functions of/)'. 
By differentiating, we have 

dy =pdx = Pdx f xdP -f- rfQ 

.-. (P — /) dx -I- xrfP + rfQ = 

d? _ dq 

^ P—p P—Jf/ 

This last is a linear equation (87), and, therefore, 

consequently this equation, in conjunction with the proposed, expresses 
the relation between x and y, and if p' be eliminated therefrom, thi^ 
relation will be expressed in a single equation between the variables. 
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ON THE THEORY OP SINGULAR SOLUTIONS OF DIFFE- 
RENTIAL EQUATIONS OF THE FIRST ORDER. 

(99.) Every differential equation may be considered to have been 
derived from its primitive, by eliminating a constant between it and its 
immediate differential. Thus, if F (x, y, c) ss 0, c being the arbitrary 
•onstant, is the complete primitive of the differential equation 

/(*,y,^) = (1), 

then lias (1) arisen from eliminating c, by means of the equations 
(2) F(r,y,c)=o /^^y' - = (3). 

Now if instead of the coastant quantity c, any variable qyantity were to 
be substituted in each of these equations the result of the elimination 
of that variable would obviously be the same equation (1), so that, if e 
be supposed to be such a variable that the differential (3) of (1) may be 
precisely the same as when we supposed it constant, then this variable 
value may be attributed to c, without affecting in anywise the result 
(1) of its elimination. I.et us then see whether it is possible for such 
a variable value of c to exist. By considering c variable, as well as x 
and y, the differential coefficient derived from (2), relatively to the 
independent variable x, is 

<^ (Xf y, c) dF (j, y, c) dn__Q 
dx dc dx 

and in order that this expression may be the same as would arise from 
differentiating, on the supposition of c constant, that is, in order that 
it may be identical to (3), it is obviously merely necessary to determine 
c from the condition 

dF (j, y, c) dc_^^ 
dc dx 
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which condition may be satisfied upon either of the hypotheses 

^^'^ S? ^""^ d^ =® <^)- 

The first fixes a constant value for c, and therefore the requisite variable 
value is to be determined firom the second. This variable then put for 
c, in (2), however it may alter the form or degree of that equation does 
not deprive it of the character of being an integral of (1) seeing that 
this last arises fi-om the combination of (2) and its immediate differen- 
tial (3). This integral is necessarily different from the complete pri- 
mitive (2), since in this c is an arbitrary constant, while in the other 
case, it is a certain function of .v and y, determinable from (5). 

We see, therefore, that it is possible for a differential equation to have 
other integrals besides the complete primitive, but derivable fi-om it by 
substituting in it, for the arbitrary constant f , each of its values given in 
terms of .r and j/ by the equation (5). Such integrals are called singu- 
lar integrals^ or singular solutions of the proposed differential equation. 

It must be here particularly remarked, that the value of c, as deduced 
from the equation (5), is not necessarily a function of the variables; for 
c may be connected with these variables in F(a, i/, c) merely by vrzy 
of addition or subtraction, in which case (5) will implyyc = 0, the 
roots of which equation will be particular constant values of c, which, 
subsUtuted in the complete primitive, will furnish so many particular 
cases of that primitive; these, therefore, will be but particular solutions. 
Moreover the value of c, as deduced from (5), may appear under the 
form of a function of x andy, and yet be, in reality, a constant value; for 
the complete primitive, if solved for one of the constants a, which enter 
it, will furnish for the value of that constant a function of x, y, and c ; 
if, therefore, this function, by assuming any particular value for f, or, 
indeed, if any function of this function, agree with the function for c 
given by (5), then the substitution of this latter fi)r c in the primitive is 
no morie than substituting the constant 0fir, and thus the solution is not 
a singular^ but, as before, a particular solution, and would have been 
immediately furnished by the primitive, upon substituting 0a for c. It 
is necessary, therefore, before we pronounce the result of the elimination 
of c from the equations (2) and (5) to be a singular solution of (1), to 

X 2 
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assure ovgndves ths^t this same result csMWOt be obtained by the meie 
substitution of a constant function for c in (2). 

It may be here remarked, that if the vaUie of jt or of «r be Reduced 
from the complete primitive 2, we may write it 

y +/(*, c) = or « -f /(y, c) =0; 

h^6 Ibe difierential of either of Ui^ese with respect to o o«ly> that is, 
the cooditiop (5) becomues either 



thatisy 



dc dc 

|=0,ory^=,»....(6>. 



80 that the values of c, corresponding to singular solutions, are furnished 
eq^ually by equation (5), or by these two. 

'Hiere is one class of differential equations which we can at once 
aflirm to have, no singula solution, viz. those into whose complete pri- 
mitives. t}ie arbitrary constant c enters only in the first power ; for in 
such cases c will be eliminated in (5) by differentiation, so that this 
equation fails in this case to supply a value for c. We have seen (82) 
that equations of the first order and wth degree arise from primitives 
into which c enters in the nth degreee. Hence no differential equation 
of the first order and degree can have a singular solution.* SeeNote'D. 

Before proceeding further, let us illustrate what has. been said by au 
e3(^anple, and let the proposed equation be 

ydx — xdi/ = a v </** + dy*, 
or 

y =ipx -I- a Vl 4- p'^, 
which being of Clairaut*s form, its complete primitive is 

y^Cx + aVl^C* .... (1). 



•« It must ijpt be.fcrgot^n, that in all our reasonings on th© theory of 
d^ffei^ential equiitlon;?, they are. considered, as freed from radicals. 



THE INTEGRAL CALCULUS. 2^ 

To determine the singular solution, w^ are to eliminate C between 
this result and 

dy ac 



4rH 7 ^ asO.\tf33 — 



^<? >/ 1 + c« >/«*— x« 

substituting this in (1), we have 

or 

y« + x«=:a« .... (2), 

which is the singular solution, for it can never be comprised in the 
complete primitive (1), since whatever value we give to c, that equa- 
tion always represents a straight line, while (2) represents a circle. 

As in Clairaut*s form, to which the above example belongs, the com- 
plete primitive is always the same as the proposed differential equation, 
viewing the coefficient p' in the light of an arbitrary constant, it is 
evident that in this form the singular solutions may be obtained by 

du dx 

eliminating y between the proposed and — =0, or — =0. If this 

dp^ dpf 

were the case with other forms as well as with that of Clairaut, we 

should then be able to determine the singular solutions whenever they 

exist from the proposed differential equation, without being at the 

trouble of first finding the complete primitive. Let us then examine 

this point. 

(100.) It has been seen that the differential equation (3) is the 

same, whether c be constant causing (2) to be the complete integral of 

(1), or whether it be such a variable as to cause (2) to be the singular 

solution of (1). In either case the elimination of c from these two 

equations produces (1), so that if we solve (3) for c, calling the result 

c = 0(x,y,/), 
and substitute this value in (2) we shall have (1) under the form 

tt = F(x,.y,0) .... (1'), 

where ^ is put for (or, y, p'\ 

This equation being the same %» (1), the original dififeiendal equatum, 
it follows that if we substitute for j/ which entens the functicai ^ its value 
as deduced from (1)^ when put under the £6an. 
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that is to say, the value 

the expression for i/, (r), will be identically 0, that is, independently of 

any relation between x and y. As, dierefore, (1^) fixes no relation 

between .r and ^, we may differentiate this equation as if they were 

independent, taking care to observe that ^ is a function of x, y and p% 

and thatp'= — /{j^iyYt hence, differentiating with respect to .r, we 

have 

du du d^ du d^ dp' 

da d^ dx d^ dj/ da * 

and with respect to y. 



dti 



du d6 du d6 dp' 



/ f 



dy d^ dy d^ dp' dif 

From these two equations we get 

^P' . du du rf^ . , du rf0 

dje "" ^ djc "*" d^ dx ^ ' d^ "5^ 

dp' du du d^ du dtp 

~dy~ "^ ^~dy' "^ ~df ~df^ "^ "^ "dy ' 

Now, in the case of a singular solution, we must have 

du 

for then the value of c is determined conformably to the condition 

du 

dc 

and consequently the two foregoing equations become 



dx dy 



dx ^ dy ^ 



dp dp' 

hence, if ^ be eliminated by means of either of these and the proposed 
differential equation, the result will be a singular solution, if it be a 
solution at all, that is, if it satisfy the proposed equation. 



The preceding conditions lead to another for the determination of jp^ 
sometimes of more convenient application than those. Thus the pro- 
posed differential equation being 

U^/(x,y,;i') = 0, 
we have, by differentiating it, 

dV dV dV dy dV dp' dp' dy 

Wx • "■ rfx "*■ rfi^ dx "^ dp* ^ dx "^ di dx ^"^ 



djf ^ dx dy dx ' ^ dx dy djc 

But by the foregoing conditions, this divisor is oo ; hence 

= 0, 



dp' 

which equation will give the values of //, necessary to fulfil the condi- 
tions above. It must be remarked that throughout this article u has 
been considered as a function of both x andy, ^ being the independent 
variable; but the singular solution « =0 may contain only x, which 
cannot, of course, satisfy the proposed, but by considering ^ as the 
independent variable ; hence for such solutions as these, we must, in 

dx 
the foregoing condition, consider o' = — . 

dy 

(101.) The connexion between the complete primitive and the 
singular solution is susceptible of geometrical illustration. For the 
complete primitive represents always a family of curves, c being the 
variable parameter, and we know (Diff* Calc, p. 145, J that the enve- 
lope of this family is analytically represented by the equation which 
arises from eliminating c by means of the complete primitive, and its 
differential with respect to r. But we have seen that the singular solu- 
tion is given by the same elimination: hence the singular solution is 
the equation of the curve which envelopes the family represented by 
the complete primitive. As in Clairaut's form, the complete primitive 
is the equation of a family of straight lines, it follows that if this form 
ought to belong to a curve, the equation of that curve must be the 
singular solution. 

(112.) We shall now add a few examples of the determination of 
singular solutions. 



J 
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EXAMPLES. 

1 . Given the equation 
to determine the singular solution 



dp 






Substituting this in U ss 0, it becomes 



-(a + i/) = 



2x 4x 

or 

If this satisfies the proposed, it is the singular solution. In order to 
ascertain this, substitute in the proposed 

y=zx — 2Va — X 
;> = 1 -jzrz^ 

VflA' 

and we find tlie first member become 

2(x — Vaj^) (1 7—)— ^^ -—{a-^-x—is/ax) 

wax « 

on 

2(x— \/ax)—2 (s/ax — a) — x-f 2 '>/ax — a — a — a -f2N/a!r, 

where it is obvious that the terms destroy each other ; hence the above 
is the singular solution. 

2. Given (he equation 

yp'* + 2/x— 3^ = 

to determine the general and the singular solution. 
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By solving the equation fory, we have found (p. 225) the complete 

integral to be 

y* — 2cx — c*=:0, 

and, differentiating with respect to c, we have 

x-\- c = ,\ CSS — X, 
^nd this, substituted in the primitive, furnishes the singular solution 

3. Given the equation 

to determine the singular solution 

''^=2ay + 2(a«~r»)y = 0; 



dp 

to eliminate p* by means of these equations, multiply the latter by p' 
and subtract it from the former, and we have 

and this substituted in the proposed, gives 

an equation which satisfies the proposed, and which is therefore the 
singular solution. 

4. Given the equation 

U = (i« — 25f*)p'« — 4ayy — «»=:0 
to determine the singular solution 

— = (x« - 2i/»)/ - 2x1^ = 0. 

Eliminating p' by means of these equations there results 

which is satisfied by either 
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but only the latter satisfies the proposed equation: this, there&r^, is 
the singular solution. 

5. Given the equation 

gdy — yd* = dx v «* -j- y* 
to determine the singular solution 

6. Given the equation « 

ydX'^xdysBi»'s/dx* + djff^ 
to prove that there is no singular solution. 

7. Given the general solution or complete primitive 

y = x + (c-l)«(c-x)» ^ 

to prove that the only singular solution iir that corresptHMliDg to 

(103.) We shall conclude the present chapter with one or two 
geometrical problems which conduct to singular solutions. 



PROBLEM I. 

To find a curve such that the perpendiculars drawn from a given 
"point upon its tangents may be all of the same constant length. 

Let (x, y) represent in general any point in the required curve, then 
the equation of the tangent through it will be (Diff* Cole. p. 112,^ 

Y — 3/ = ^(X — X) or Y=/X-f y-./x, 

and supposing the given point to be the origin, the perpendicular From 
it on this line will be expressed by (Anal, Geom. p. 29,) 

which being constant we have 
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y = p'x -f- a V j»'* 4" ^ 

for the differential equation of the required curve. 
The complete integral of this equation is (p. 230,) 

yssrcx + aN/l + c* .... (1), 

which represents a femily of straight lines, and the general expression 
for the perpendicular from the origin on any one of them is 

y — ex 



which is equal to a, the constant length. 

Now the singular solution of the proposed is 

3/' + x« = a« (2), 

wnich represents a circle, and since the radius is a it is plain that it 
touches all the straight lines whose perpendicular distance from the 
centre is a; hence, agreeably to (101), the singular solution (2) touches 
and envelopes all the particular solutions comprised in (1). 



PROBLEM ir. 

To find a curve such that the product of the two perpendiculars 
drawn frt)m two given points on any tangent may be constant. 

Let the axis of x pass through the given points and take the origin 
at the middle point between them, so that the abscissas of the points 
will be a and — a. Then the expression for the perpendicular from 
the point (a, 0) on the line 

Y = /j'X -j- y — p'x 

is (AnaL Geom. p. 29,^ 

-^pa — jy—p'x) _ y-^p'ja — x) 
*s/p*^ 1 >/p«+l 

and from the point ( — a, 0) on the same line 
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y — p {a-^x) 

'11 JO product of these two expressions is to be constant, 

y«— y^(fl« — x«) — 2/iy _^, 
•*• ————— _ — ^-^— — — o f 

this equation solved for y gives 

y=/x ± *y b* •\- m^ p^, 

in^ being put for a* -f- 6*. This equation being of Clairaut*s form, we 
have for the complete primitive 

y = cx ± >/ fc2 -i- TO« c*, 

wliich represents a system of straight lines. The singular solution, or 
the equation of the curve to which these are tangents, is 

M^y* + fc* a:* = »»' 6*. 

The curve sought is therefore an ellipse. 



PROBLEM III. 



To find a curve such that the normal may have a constant ratio to 
the part of the axis intercepted between it and the origin. 
Tlie curve may be either a circle or a parabola.* 



* For a more comprehensive view of the theory of Singular Solutions 
the student is referred to the Calcul des Fonctions, where Lagrange has 
devoted upwards of 100 pages to this subject. 
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CBAPTBll. VI. 

ON THE INTEGRATION OF DIFFERENTIAL EQUATIONS 
OF THE SECOND AND HIGHER ORDERS. 

(104.) The most general form of a differential equation of the second 
order is 

which, however, comprehends a great variety of cases that are not 
integrable by any general process. Under certain conditions the 
integration is always possible, or may at least be reduced to the inte- 
gration of an inferior order: as for example when the function does not 

dy d^y 
contain all four of the quantities jr, y, — -, ~rT> ^so when the equa- 

dx dsr 

tion is homogeneous with respect to the variables and the differentials, 

and in one or two other cases. It may be remarked here that in inte- 

grating equations of the higher orders we have not the option of making 

which we choose the independent variable, as in equations of the first 

order, without altogether altering the form of the equation, for by 

changing the independent variable the second differential coefficient 

will be supplied by a function of more complicated form, although 

such a change sometimes facilitates integration. 

Let us now examine those cases of the general differential equation 

of the second order which are integrable by general process, and first 

those into which all four of the quantities within the parentheses do 

not enter. We shall thus have five classes of equations, viz. three 

containing but two of these quantities or of the forms 

and two into which three of the quantities enter; their forms beiii^ 

dy d'^y dy d^ y 

^^'^di*-dJ^=^^>^^^^Tx''d^^' 
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I. 

To integrate the form 

Solve this equation for — ~ and we shall have 

fir 

.-. y =r/«Xdx* = X, + C,* + C, 

where X^ represents the second integral of Xdx* without the arbitrary 
constants, (see page 90.) 
Suppose, for example, 

d'v _- - - 

—-4- = ax" .*. cry r=r ax* aor. 

Now 

««"+' --ax"+*rfx aa:*+' 

a/x» ax ^ — —r- and/ 



w + 1 -^ w+1 (?iH-l)(n4-2)' 

the constants being omitted; hence 

ax"+' 
y = (« + l)(n+2) + ^'' + ^- 



II. 

To integrate the form 







f 


^y> 


dor' ^ 


Solving the 


equation for 


d^y 
dx^ 


we 


have 




d^y _. 


Y .• 


dy 


d^y 



dic^ dx da^ dx doe 

and multiplying by dx and integrating we have 
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-i/»=/Yrfy = r + C 



^ V2Y'-|-2C J V2Y' + 2C 

As an example let 

be given to determine the primitive 

and multiplying by dx and integrating, 

^ ^ ^ dx a 

.-. rfx= -^^-^.•. j=:a8in.-'~H-C'. 
C-y« Ci 



III. 
To integrate the form 

Solving the equation for — — as in the preceding cases we have 

dx ^^ ..tfa:-^^, 

hence, if p' be eliminated by m^gms of these two equations, the result 
will be the required relation betwjeen x and y. 
Let the equation be 



«5 + ('+^)'=« 



Y 2 



246 THE INTEGRAL CALCULUS. 

... rf,. = _^:^ ... ,== — 5^' + c 

apdp a 

(1 +/!'«)« (!+;»'»)* 

The elimination of />' by means of these equations leads to 

(C~x)« + (C,-3/)« = a«. 

This process is obviously the solution of the following problem, viz. 
To determine the curve whose radius of curvature is constant, for the 
proposed equation expresses the condition 9* = a. 



IV, 

To integrate the form 

r . dp' d^y 

Putting for its equal the form becomes 

dx dx^ 

which is an equation of the first order between x and p'y and of which 
the integral must be sought for among the methods explained in 
chapter IV. Supposing this integral to be found and to be 

/(x,/, C) = .... 0), 

C being the arbitrary constant, then the remainder of the process will 
depend upon the nature of this equation. 

1st. Suppose wje can solve it with respect to/)', then we may put it 
under the form 

7/ = X .*. rfy = X(/x .'. y=/Xe/x, 

which is the relation between x and y. 
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2d. Suppose we can solve the equation (1) with respect to j:, then, 
putting P for the resulting function of j>', we shall have 

But by integrating by parts the second member of the equation 

dy =/>' dx 
we have 

y=zp'x—fxdp' ,\ y=/«— /Pd/ .... (2) ; 

hence if we eliminate p* by means of the equations (1), (2), we shall 
obtain the sought relation between x and y. 

3d. Lastly, if the equation (1) cannot be readily solved for either .r 
or p'f then, in order to effect the solution, we must endeavour] to 
integrate (1) by some of the methods taught in chapters III. or IV. 

Let the equation be 

this reduces to 

2j(1 + p'^)i dx =z a^ dp* 

a^dp' 

.*. 2xdxz=z- ^-^ , 

. ***** _ 3 ' 

(1 ■^p'^y^ 

and integrating this we have 

This, solved for />' gives 

p = 



>/ a* + («« + cy 

therefore, multiplying by dx, and integrating 

/ . (x^^-C)dx 

Again, let the proposed equation be 



dr* dx c/x=* dx^ dx* 
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dp' fPv 

Putting for -- — , the equation reduces to 

dx ax 

or 

(1 4-y«) dx + x/dp'z=ia (1 +y*)^ d/, 

that is, dividing by (1 +p'^), we have the form 

dx + Pxdp' = F'dp', 
which is a linear equation, the values of P, P' being 

Integrating this by the formula at (87), we have 

ap'+ C 

\/l + p^ 

Having thus got x, we have from the expression (2), above, viz. 

y =J9'j: -^fxdp'y 
the value 

y z=px — a n/i +//5« _ C log. {y + >/l +/*} -f C log. C, 

= .Sf^,_ciog./Wr±Z. 

It remains, therefore, to eliminate // by means of these expressions for 
.1' and y; the result of this elimination will be found to be 

y = >/««H- C^— x^— Clog. ^ "^" - 

C, (C — V a« 4- C2 - 



i« 



which is the required relation between x and t/. 
Lastly, let the proposed equation be 
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dp' dPu 

which, by making the usual substitution of for and then 

ax dv^ 

multiplying by ctr, to prepare it for integration, becomes ^ 

2 (a«/« + X*) dp' = xp' dx. 

This is a homogeneous equation, and the separation of the variables is 
effected by substituting pfz for x; whence 

dp' zdz 

.'. log. p* = log. C >/ 2a* + z^ ,\p' = C >/ 2a« + z« 

.•.x=/«=;C2 V2a* + «» . . . . (1). 

To obtain the expression for y in terms of z we need only put in the 
equation 1/ ^sfp'dx, the above value for p', and the differential of the 
last for dx ; the result will be 

y = -|-C«2(3a»-fs«)+C, .*. . . (2). 

The elimination of z by means of the equations (1), (2) will [furnish 
the sought relation between x and y. Or, instead of proceeding in 

X 

this manner, we may, after substituting — - for js, in the equation 

/ = C>/2a«-f-2S'. 
solve the result, viz. the equation 

^'2 _- C >/ 2a>'* + x« or p^ — 2Ca*p'^ = Cx« 

dy 
for »', we shall thus have -— in terms of x, and thence the equation 

dx 

between x and y. 

v. 

To int^rate the form 

dp' d^y 

Putting as before, for its equal -~-y the form is 

dx djT 
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but, because 

^ ^ p' dx dy 

dp' 

hence, by substituting this expression for , in the above form, we 

dx 

have an equation of the first order among the variables p', y, and their 

differentials, with which we may proceed as in the former case. 

Thus, suppose we had the equation 

dpf d!^u 

then, putting for , we have 

dx cbr 

dp dp' du 

and, putting p'-— — for — — , and multiplying by — , there results 

Cry dx p' 

.-. dy — Vydp' = V'dp, 
a linear equation, in which 

P_ P' p/_ a . 

hence (87) 

y = a/+C's/l+/'2 .... (1), 
and therefore 

P p' >/!+/=* 

consequently 

X = a log.y + C log. C, (/ + >/l +y2). {Ex. 7, p. 34). 

= iog. {it^'\cy + c >/rT70''} (2); 
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hence, eliminating p' by means of (1) and (2), the result will be the 
relation between x and y, 

(105.) Besides the foregoing, there are a few other particular cases 
of the general form (A) that admit of integration, or rather of reduction 
to forms of the first order; the processes, however, are not only very 
indirect and embarrassing, but so exceedingly limited in their applica- 
tion, that we shall not hesitate to omit them in this elementary treatise, 
merely noticing one more case. 

dy 
And, first, we shall observe, that if weagree to call the coefficient -^ of 

ax 

d^ 
dimensions, and the coefficient — — • of — 1 dimensions, then when, 

dar 

according to this hypothesis, the differential equation of the second 

order is homogeneous, it may always be reduced to one of the first 

order by assuming 

j, = »xand-^ = - (1). 

For, let, according to this hypothesis, n be the degree of homogeneity, 

d^y 
then it is plain that -— must be multiplied by a factor of w -|- 1 di- 

ox 

mensions, and as wherever y is, it is to be replaced by vx, it follows 

that X must enter this factor in n -{- 1 dimensions. It is equally plain 

dy 
that 3^ will be a factor of—; hence, as the other terms rise to the same 

dx 

dimensions, the proposed equation after the substitutions (1) must be 

divisible by .r*, and the equation will thus be reduced to a function of 

r, Zy p*y without x. 

Let it be 

/Ct;,2,/)r=0 . . ; . (2), 

then since, by hjrpothesis, 

- , , , t ■. dx dv , . 

dy or » dx = vdx + xdv .*. — s=s — ; .... (3), 

but 



djpf m --r^<to:= .*. — = — ^— 

a«' X X % 



.... 



(4) 
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dp' dv 



• • • • 



Z p — V 

Putting in this last equation for z its value in terms of v, p\ as deduced 
from (2), and the result will obviously be an equation of the first order 
between v and p', from which p' being determined, and its value in 
terms of v substituted in (4), we shall have, by integrating, 

log. X = ^t; ; 

hence, finally, eliminating t; by means of this equation, and the first of 
(1), above, the result will be the required relation between x and y. 
As an example of this process, let us take the equation 

da^ dx ' 
then the substitutions (1) reduce it to 

K — p' = .*. X :^p , 
and this value of j: is to be substituted in the equation (5) 

p p — V ^ * t 

that is, 

p'dp^ = vdp' -^p'dv, 

each side being an exact differential, we have 

l;,'«=:/i;-f C, 

we are now to determine p' from this, and substitute its value^ in the 
equation (4), but because, in the present example, z=:p', it will be 
easier, and amount to the same thing, to determine p* fix)m the equation 



i 



dx dp dp 

X dz p' 

for we at once get 

x=c/.-.y = ~; 

this value, substituted in the above integral, gives 
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but 

y 

.Ma = 2Ci/ + C,. 

(106.) As to equations of a higher order than the second, the general 
methods of integration are still more limited than those which apply 
to equations of the second order. There are, however, two classes of 
equations of the wth order, which may be reduced to the fonns of the 
first and second orders, already integrated. 

These forms are 



and 






F(-5^,^«l|-) = 0....(2). 



For the first of these let 

</«— * y d" V du 

diXf*—^ da^ dje 

hence, by substitution, equation (1) becomes 

F(-,«)=0, 

which is an equation of the first order between u and j; hence, by inte- 
grating this, we obtain u in terms of x, that is, 

and the integration may be effected by (53). 
In order to integrate the form (2), put 

dx^*—'* * * di" rfx* 

hence, by substitution, the equation (2) becomes 
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a form of the second order which we have shewn how to integrate at 
page 244. Deducing, therefore, the value of u, we have 

It will, however, be sometimes convenient to obtain x and dx in terms 

of u', as well as u in terms of x, as above, because we can readily 

descend from a coefficient of any order u* to that of the preceding order 

dy 
V, and so on, till we obtain an expression for/?' or ^ in terms of tt*, 

dx 

in which we may then substitute for uf its value in terms of jr, multiply 

by dXi and integrate. 

The following are examples of the foregoing forms: 

(107.) 1 . Given the differential equation 

d*y aPy _ 

to determine the complete primitive. 
Assume 

dafi ' * dx dx* ' 

so that the proposed is the same as 

r'—— = 1 .-. (to = r'rf/ .•. ap == -— r'« + C .-. r == V2(«—C), 
dx 2 

as we have got dx in terms of r', we shall be able to deduce the prece- 
ding coefficient q' in terms of r' for 



d/ = r'dx = r^dr' .-. / = — +[Ci 



3 






r' . _ r'« 



... rfy = /j'rfx = {g^ + C, p-^ + C,] rrfr 
which is the complete primitive, r being equal to V 2 (jt — C). 
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2. Given 

to determine the complete pnmitiTe. 
Assume 

^'^ ds* " da* '^ dx*' 
so that the proposed is the same as 

A' _ 
fix)m which we get, by integration, (p. 244,) 

whence 

«=slog. i— i -f— ! .... (1), 

having got » and dx in terms oiq% we may obtain/ in terms of q', thus : 

dp* =^dx= ~ r-^^ ,*,y = >/ y^ -^ C« + C-, 

.«. <fy =3j/rf« == V'^^'^Hc* rf« -I- C, rfap = dy' -f Ca rfx 

.•.y = /4.C, «4-C, . . . . (2); 

hence we have to eliminate q' by means of (1) and (2); for this purpose 
put (1) under the form 

C, <?» = ?' 4- >/ /* + €« 

therefore, substituting this in (2), we have, for the complete primitive, 
the form 

We shall now pass to the consideration of linear equations. 
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Linear Equations of the Higher Orders, 

(108.) The general form of a linear differential equation of the nth 
order is 

g- + A-^+ +M| + Ny + X = 0....(A). 

A, B, &c. being either functions of jt without y, or else constant. 

In order to determine the method of integrating this class of equations 
let us examine a particular case. We shall choose the equation of the 
third order of the form 

where x is absent, and in which A, B, C are constants. 

Now if we can find a value of y in terms of x, and involving but one 
arbitrary constant that will satisfy this equation, we know that such an 
equation between y and x will be a particular case of the complete 
primitive. The peculiar form of the proposed equation has enabled 
analysts to discover a priori such a particular case of the primitive, and 
thence the complete primitive itself. For, from the principles of diffe- 
rentiation, we know that the several differential coefficients derived from 
an exponential function ce"*' all involve this same function, thus 

du d^y d^y 

' dx dx^ ' rfx» 

hence, if this function be put for y, in the proposed equation, all the 
terms will become divisible by e"**, and the result will be merely an 
algebraical equation of the third degree in m. But this equation will 
fix certain values for m, so that, by putting these successively for m in 
the equation y = ce"«*, c being a constant, we must have necessarily 
so many particular values of y which will satisfy the proposed, that is, 
so many particular cases of the complete primitive. Let us then sub- 
stitute in the proposed equation 

which becomes, in consequence, 
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rn? ce"^ + Am* ce^ -f Bmce"^ + Cce^ = 

.'. »i* -f Am* 4- Bw H- C = . . . , (1). 

Let the three roots of this equation he m^, m,, and m^, then for i/ we 
have the three values 

y, = c,e"»i*,y, = c,<f«a*, y3 = c,c"n»* .... (2), 

«ach of which equations necessarily satisfy the proposed. These, there- 
fore, are particular cases of the complete primitive. 

As the complete integral must furnish each of these by giving parti- 
cular values to each of the three arbitrary constants which enter it, this 
complete integral must be 

yszc^e^i* -\' c^e^i' -]- c^e^i* .... (3). 

For put successively for y, in the proposed, the values (2), the sum of 
the results will be 



C3 m^e*^^* 


+ A 




+ B 




4-C 




that is (3) 
ePy 


4- 


A ^^ 


4- 


dx 


+ 


Cs =0. 



It is necessary to remark that if any of the roots wi„ Wj, m^ be equal, 
as, for instance, Wi = m^ then (3) will be 

y = (<?i + c^) <?"•! ' + c, e»3*, 

which will not be the complete primitive of the proposed, but only a 
particular integral, since only two arbitrary constants enter. But when 
this happens, then it may be shewn that not only is y = c^f^^Xy a par- 
ticular integral of the proposed, but alsoy = c» j-e^i *, for, differentiating 
this, we have 



dy^ 



d*y _ 



— =Cj mj xe^i * -{- c, e^i ', -—- = <?, iw,* xe^i *-|- 2c, Wj e^i * 



dx 



di^ 



-——- = c, Wj* xe"*! * 4- 3e, m,' «"»! *. 
dx* 



e2 
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Substituting these values in the proposed, we haye 

tf, «e"»i * (m* 4- Am* -f Bm, + C) + 

r,«*i*(3»t,* + 2Am, 4-B) = .... (4) 

Now by hypothesis the equation (1) has two equal roots, and it is 
shown by all writers on the theory of equations that the limiting equa- 
tion to this, viz. 

3i»«4-2A7/<-|-B=5 

has also a root equal to one of these {See Bridge*t Theory of Equations 
p. 67). Hence both the terms of (4) vanish, so that the expression 
(4) is =0, that is, the value y = Ci xe^^' satisfies the proposed equa- 
tion, and therefore the complete primitive is 

y = c, e^i * -f- c, xc»"i * -f- Cj c*»3'. 

1 

If all three roots were equal, then it might be shewn, in the same 
manner, that the complete primitive would be 

y^c, e"*i' -f- c,are"*i* -j-^^a**^*"*'* 
Let us now consider the linear equation 

<^^+aJ?^ + B$^ + C, + X = 0....(B), 



d:c^ djc^ dx 

A, B, C being constants and X a function of x. 
Suppose 

3/ = Ci3/i4-Cayj + Csy3 .... (1), 

then we know, from what has preceded, that if X were absent from 

the proposed, that this would be the complete integral of (B) y^ y^, 

V3 being put for e^»*, e^s*, ^"•s* and Cj, Cj, C3 being constants. But 

Ci, Ca, C3 may be functions of x, and yet of such a nature as to have 

dy d^y </*w 

no more effect upon the values of — , , , than if they were 

dx dx^ dx^ 

constant; for it is only necessary that they be subject to the following 

three conditions, viz. 



dx "^^* dx '*"^' dx 



for then 
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dx dx dx cix 

the same as if the coefficients were constant. 



for then 



2. rfCtrfy, dC^dy ^ dC^^irz _r. 
dx^ ■*" di^"^ rf-r» — ' 

the same as for constant coefficients. 

Now if, as a third condition, we suppose 

3. dC.d^y dO^^ dC^^y^ 

we shall then have 

'^V _p ^i xn ^* A-r ^y^ V 

Consequently, if we detennine Ci, Cj, C3 from these three conditions, 
(1) will be the complete primitive of the equation (B). 

Such is the theory of Linear differential equations, but for further 
particulars^ and more ample details on this as well as on various other 
classes of differential equations, which have at different times exercised 
the powers of analysts, the student must consult works of higher pre- 
tensions than the present volume, as JephsorCs FluxUmal Calculus,vo\. 2, 
or the Calcul Integral of Gamier; but the Complete Treatise of Lacroix, 
in three large quarto volumes, furnishes the most extensive view of the 
labours of analysts in this department of science that has yet appeared. 



Determination of Integrals by Approximation. 

(109.) The integration of equations of two variables consists in the 
determination of the general relation between x and y; this determina- 
tion, however, is, as we have before remarked, not always practicable 
in finite terms, and in such cases we must content ourselves with an 
approximation to this relation. The object in view, in the method of 
approximation, is to determine an expression for one of the variables in 
a series of ascending or of descending powers of the other, so that, for 
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a proposed numerical value of the one, we may approach to any degree 
d nearness to the corresponding numerical value of the other. An 
example or two will shew how these approximations are to be efiected. 



EXAMPLES. 

1 . Given the equation 

to determine y in terms of x. 

Assume 

y = Ax* -I- Ba> + Cx« H- «fec., 

where both the exponents and coefficients are indeterminate. By 
differentiating, 

^ = Aax^» + B*a»-> -f- Ccx-' + «fec. ; 

dy 
hence, by substituting these values of 1/ and — in the proposed equa-> 

dx 

tion, it becomes 

(1 -I- Affx«-» -I- B*x»-' -I- Ccxe-» 4- <fec.)(Ax« + BjtkH- Cx<^ -f &c.)= 1, 

that is, by actually performing the multiplication here indicated, 

A'aa-**-* -f ABai«+fr-» + ACflx^-f «-» + «fec. ^ 
— 1 -I- AB*^+t-» H- B« *!«*-» + <fec. ( __ 
-I- Ax« 4- ACca*+'-» 4- &c. / — "• 

4-B2x6 4- Ac.-' 

We have now so to fix the values of the indeterminate quantities 
that this equation may hold independently of x, that is, so that the 
first member may be identically 0; and it is plain that this will be done, 
provided we can first assume a, 6, c, &c. of such values that the 
exponents may all be equal and can then assume A, B, C, &c., so 
that the coefficients may mutually destroy each other. 

The first object will be accomplished by the conditions 

2a— -1=0, a4-6— l=sa, a4-c— 1=6, 
which give 
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and for the second we must obviously have the conditions 

A«a=l, AB(a + 6)4.A = 0, &c. 

which fix for A, B, C, &c. the values 

A = V2, B=-|.,C=^,<fec. 

consequently the required development is 

y = n/2 a?* — — J 4- -^ J — &c. 

3 18 

It should be remarked that the integral thus determined is not the 
complete primitive of the proposed, because no arbitrary constant has 
been introduced. The determination of the arbitrary constant requires 
that we kpow the value of y for some given value of x; suppose then 
that when x=ia,y = b, then the form of the development must be 

y = fc + A(x — «)* + B(x — a)/3 + &c (1), 

and in the present example it is, therefore, 

y = ft4->/2(x + a)* — |-(iP--a)i -f. >^ (a? — a)* — &c. 

in which equation the arbitrary constant is involved in a, 6. The 
complete integral is not, however, always so readily determinable; the 
usual process is to substitute in the proposed differential equation 
a-^ t for X and 6 4-^ for y, and then to develop u in b. series of 
powers of t, so that when t is made = 0, m may become 0, for then 
when the values of t and u are restored, by the substitution of x ■ — a 
for t and y — 6 for u, we shall have y = 6 when jr = cr as we ought ; 
or we may at once assume the development of the form (1), and then 
determine the exponents and coefficients as above. 

2. Given the equation 

dv 

to determine the complete integral in a series. 
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Puttiiig a + t for Xj and assuming the development (1), we have 

y s& + A/* + B<^ + Ac. 

at 

dv du 
substituting these values in the proposed, we have, since --=:---, 

dt dx 

6 4- A/* ^Bfi + Ac. + 

n — 1 
fMa* 4- »»««•"* t'\'mn — 5 — fl»-* <* + Ac. = 0. 

Now to render the exponents the same in the several vertical rows, 
we must have the conditions 

«s=l, j3 = 2, 7 = 3, <fec.; 

hence 

, _ jwa* — wmo*— * -|- b 
A=-f»a» — *, B = 






1 • 2 

w»g* — mng*— ' -f ^^*» (» — 1 ) g*"^ 4" ^ 
1 • 2 • 3 

<fec. <&c. 



therefore the exponents and coefficients of the assumed series are 
determined. 



3. Given the equation 



+ wii" y = 



to find 5/ in a series. 
Assume 

y = Ax* 4- Bx^ + Cx^ 4- &c. 

.-. ^ = A«x*"' -|.B/3x^""' +Cv^r-' ^&c. 
dx 

.-. ^ = A.(.-l)x— *+B/3(/3-l)/-'+Cr(r-l)*y-' 

Hence, by substitution, tlie proposed becomes 
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A«(«-l),— '+B(3(|3-l)/-'+Cr(y-l)«y-'+&c. 



+mA»"+" + mB/+» + »C»1'+" 



5=0. 



To render the exponents the same in the several columns we may 
suppose n=: — 2, but this would confine the investigation to a 
particular case of the proposed example. If, however, we first make 

the term Aa (* — 1) jr*^' vanish by means of the requisite value of «, 

that is by making either 

a = 0, or «=: 1, 

the above equation will become on the first hypothesis, or <t = 0, 

B/3(/3— l)*^"* +Cy(y-l)j^"*-i-ifec.") 

> = 0, 

+ mAx^ -f mBa^ "^^ + &c. -* 

consequently, by equalling the exponents, 

i3 — 2=:n, 7 — 2s=/3-f-«, ^--2 = y-|-«, <fec. 
.•. /3 = n-|-2, y = 2n-|-4, ^ = 3n-i-6, <fec. 

and equalling the coefficients of the like terms, we get 
_ Am -^ Am* 

hence, putting for p, 7, &c. their values just determined and substituting 
in the assumed series these expressions for the coefficients, we have 

y=A {1— r — r-T\^^ — r-^*"+' + 
^ (« + l)(» + 2) ^ 

ap»»+*— Ac.} 



m' 



(« + 1 ) (« + 2) (2n + 3) (2it + 4) 



A being entirely arbitrary. 

If we take the second hypothesis, viz. « =: 1, we shall obtai another 
expression for y involvii^ an arbitrary constant Ay or, for differential 
sake, A'; this expression will be 
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^ m^ + * Arc \ 

(«+2)(ii + 3)(2»+4)(2» +5) '^ 

the sum of these two particular integrals will be the complete integral 
of the proposed, involving the two arbitrary constants A, A', and, by 
making first one of these and then the other, we have the two 
particular integrals above deduced. 

For other methods of approximation the student may consult the 
works referred to at the close of last article. 



Integration of Simultaneous Equations. 

(110.) We shall conclude the present chapter with a few general 
examples of the integration of simultaneous equations, as they often 
present themselves in the higher problems of Dynamics. 

1 . Let it be proposed to integrate the system of equations 



+ N'x+P'^ + Q'^ = T'i 



^ ' ' dt ' ^ dt 

which are the most general forms of the first degree between x and y 

dy dx 
and the differential coefficients — , — ; and in which M, N, P, 8cc. 

dt dt y > y 

are functions of the independent variable t. We may write these 
equations thus : 

(My4-Nx)rf< + Pdy + QrfT = Trf^ 

(M'y 4- N'x) dt -f- V'dy + q:dx=Tdt, 

and if we multiply the second by an indeterminate fiinction 9 of t, 
and add the product to the first, we shall have 

{(M -h M'd)y + (N + N'd) x} dt-\-(V-\- V'B) dy + (Q + Q'O) dx 

= (T4-F'e)d^j 
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that is, putting for brevity 

M4-M'd = Mi, N + N'd = N,, P + F^ssP,, 
Q + Q'0 = Q,, T + T'd=:Ti 
we have the equation 

Miyrf/+ Ni jrrf^ + Pjrfy + Q, <fj = T,<f/, 
or, which is the same thing, 

M,(y + -^*) dt + P^ {dy + ^dx)^T,dt. 

Now it is obvious that this equation would agree with the linear 
equation of the first order, (art. 87,) provided that we had the con- 
dition 

<^(y + ^x) = di/ + -^rfx (1), 

because then by putting 

y + -j^ x^z . . . , (2), 

the equation becomes, in virtue of the supposed condition (1), 

Mjsdf 4-Pjrfsx=T,rf^, 
or 

M T 

d5? + -p*- zdt^-^dt, (3), 

firom which equation we know how to obtain z in terms of t, and 
thence the relation among the variables x, y, and t. 

Now to satisfy the condition (1) it is obviously sufficient that we 
have 

** m/- P, '''' 
that is, t being the independent variable, 

d^ 
_^dx M, _ Qi dx 

iMj dt^^ dt "^ Pi dt 

dx , , 
and as -- is indeterminate, the coefficients of tliis term must be equal, 

A a 
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therefore the above condition implies the two 

If then in these equations we substitute the foregoing values of M,, 
N, , P, , Qi , and after having performed the differentiation we eliminate 
9, which enters in these equations, the result will be the relation which 
must subsist among the coefficients of the proposed equations, in order 
that the integration may depend upon a linear differential equation of the 
first order. The solution of this linear equation will give « in terms of 
t, from which we may get y in terms of x and f, and this value of ^> 
substituted in one of the given equations, will furnish a differential 
equation between x and t^ which being integrated we shall finally 
obtain the values of x and y in terms of t. 

When the coefficients M, N, P, &c. in the first members of the pro- 
posed equations are all constant, the second condition (4) is necessarily 
satisfied, when 9 is constant, and we shall then have only to determine 
the arbitrary factor 9, so that the other condition may have place. This 
first condition, by restoring the values of M,, Nj, P, , Q, , is 

M + M'd"" P + F0' 

which, by reducing to a common denominator, furnishes a quadratic 
equation in 0. Let its roots be 9' and 9*, and the corresponding values 
of the coefficients of (3), m and n in the first case, and mf and n' in 
the second, then the equation (3) gives the two 

dz 4- fnsdt=zndt 
dz -j- m'zdt = ndt, 

and these integrated by the formula at pj^e 192 furnish the two equa- 
tions 

z^e"^"^^ {fnef^' dt} 

lience, putting in these the value of z (2), we shall have two equations 
in T, y, and t, from which both x and y may be obtained in terms of t. 
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2. Let it now be required to integrate the system 



dx 
dz 



-7- ^x« y -f i.-^ » -p JT ij ut = X a* -v 

+ (W'y + N"^ + F'2) di = T"dt 3 



in which all the coefficients are constant except T, "F, T", which are 
functions of the independent variable t. 

Multipljring the second by a constant C, and the third by another 
constant C, and adding the products to the first, we shall have an 
equation of the form 

rfy + Cdx + Cdy -j- Q (y -f R* 4. St) di=zVdi, 

which, as in the former case, will agree with a linear differential equa- 
tion, provided we have the condition 

d ( 1/ + Ra: 4- S«) == rfy + Cdx -f- Cdy, 

which requires that 

C = R, C'==S; 

hence, as C and C are contained in R and S, these two equations will 
suffice to determine the different values of C, C, which will cause the 
required condition to exist; or which will render the proposed equa- 
tions integrable by means of linear equations of the first order. 

The above method applies to differential equations of the superior 
orders, because these may be reduced to equations of the first order. 
Thus, for example, if tlie equations were 

rf»3/ 4- (My + N j) dt^ 4. (Prfy -f qdx)dt = Tdt^ ^ 
d«^ 4- (M'y 4- N'«) dfi 4- (Fdy 4- QVx) dtzs Td^ ^ 



we should be able to reduce them to four equations of the first 

order, viz. 

dy:=i]^dty dx'=n{di 

rfy4.(My4-Nx4-Pp' 

dq + (My 4- N'x 4. Py 

and to these four equations the preceding process may be applied 
For particular examples of the integration of simultaneous differential 
equations, we must refer to Peacock's Collection of Examples. 



dx'=n{ di -v 

>p'4-Q/)d^ = Td^V 
y + QY)d< = T'd^3 
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Talk VII. 



ON THE INTEGRATION OF TOTAL DIFFERENTIAL 
EQUATIONS OF THREE VARIABLES. 

(110.) Let 

P<2« + Qd> + IUz = .... (1) 

be a differential equation of three variables, of which the two i and y 
are entirely independent. By putting 

P Q 

i» = — 5-» ^ = -"^ • • • • (2) 

this equation becomes 

d%i=pdx -{-qdy «... (3). 

If this is the total differential of z, immediately derivable from some 

primitive 

x=iF(., y) (4), 

then we know that we must have 

dz dz 

and, moreover, that the second member of (3) must fulfil Euler's 
condition of integrability (78) : for although z may enter p and q as 
well as X and y, yet as ;? is a function of x and y the second member 
of (3) is a differential expression of but two independent variables. 
The condition of integrability is, therefore. 

.dp dg^. 

^dy^-^^dx^' 
that is, 

dp dp dz dq dq dz 

dy dt dy'^ dx d% dx * 
By transposing we have, in virtue of (5), 

dy dx * ^ dz ^ dz ^ 
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which expresses the condition of integrability. But to have this 
condition in terms of P, Q, R, instead of p and g, we have, by diffe- 
rentiating (2), 

^ dy dy dq ^^ dx dx 

dy r5 ' rfi; "" "*" "rs 

tip Q dz dz_^ dq P^ dz ^ dz 

^57 ""R R^ '^dz'^R i^ ' 

hence, by substituting these values in (6), the equation of condition 
reduces to 

dy dy dx dx dz 

P -^ :^ . . . . C7), 
dz 

and which equation must exist if the equation (4) exists; that is, if 
there can exist an equation among the three variables x, y, z, in con- 
junction with (1). Consequently, if we take at hazard a differential 

equation 

Mdx + N</y + Pdi = 0, 

then, without first ascertaining whether the condition (7) exists, we cannot 
affirm that one of the three variables is a function of the other two, con- 
sidered as independent, or that this differential equation necessarily implies 
the existence of some equation among a*, y, z. Formerly, however, those 
differential equations which did not fulfil the condition (7) were considered 
to be meaningless, but Monge proved this supposition to be erroneous, 
and shewed that although to such equations there corresponded no single 
primitive, yet they might be satisfied by a pair of primitive equations 
involving an arbitrary function of the dependent variable z, their 
geometrical signification being an infinite variety of curves of double 
curvature : we shall advert to this presently. 

rt must be remarked, that the existence of the condition (6) or (7) 
does not imply that the proposed (1) is an exact differential, although 
it does imply that (1) is integrable, for, otherwise, the second member 
of (3) could not be an exact differential, which it is by hypothesis • 
but this second member, it is easy to see, remains unaltered by what- 

Aa2 



.t 
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e^er &ctor we multiply (l)y so that when we have ascertained that the 
condition (7) has place for any proposed differentialy we must, in order 
to integrate it, determine the iauctor, which will render it exact. 
Let us then suppose that the differential 

Mdx-f Nrfy-fPdx = .... (8), 

will become the immediate differential of some function of Xy y^ z, 
represented by U = 0, upon being multiplied by the fector y, then, 
for the total differential of U, we have 

dUszMKdx + NXdy + VXdzzsiO, 

Now as z enters into the two first terms of this complete differential 
the same as if it were a constant, we shall obtain the integral U by 
integrating the equation 

MXrfx-f NXrfyssO .... (9), 

N and N being functions of the variables x, y and of the constant z^ 
provided we determine the arbitrary constant, which may obviously be 
a function of the constant z, so that the complete integral may be the 
same as U. Representing, then, the complete integral of (9) by 

U = V-f 02 = 0, 

it will remain to determine (pz. For this purpose let us differentiate 
with respect to z, and we ought to have 



dV 

dz 


. = - 


dV 
dz 


+ 


d<pi 
dz 


I 


P\ 


= 


d0s 
dz 


■ = 


P\ 





dV 

dz 




.'. ih 


»•— 


A 


PX - 




dV , 


\dic 



"^ c/ ^ dz ' ' 

and thus the function 0? becomes known. 

Since ^z contains neither of the variables j:, y, they must both be 
absent from 

^^ dx ' 
if, therefore, either of them were to enter this expression, we must infer 
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that the factor X has not been properly chosen, for, although it render 
(9) integrable, it will not in this case render (8) so. 

It is obvious that the factor which renders (8) integrable, renders 
not only (9) but also the two other partial equations 

MXdr + PX</z = 
NXrfy-fPXrfz = 

integrable, the factor, therefore, must be chosen so as to fulfil these 
three conditions. 

(111.) As an example, let the proposed equation be 

yx dx — xzdy '\' yxd% = 0, 

This satisfies the equation (7), it is, therefore, integrable, and to ascer- 
tain whether any and what Victor is necessary to render it an exact 
differential, we must first consider one of the variables as z constant, 
writing the equation thus : 

z(ydx — x</y) = .... (1), 

this does not satisfy the condition of integrability, but (94) it is 

1 

rendered exact by the factor X = -r, and tliis same factor is found to 

y 

render also the other two partial equations exact. Multiplying then 
(1) by — and integrating, we have, omitting the constant, 

U=— -f0J = O .... (2) 

y 

dV « diJ)Z ^ I X 



dz y dz ^ y^ y 

.•. — f- = .•. A? = C; 

dz 

hence? substituting this value in (2), we have for the sought integral 

zx 
U = — + C. 

y 

Again, let the equation 
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iy da '\- St dy '\- xydz -f ax* £fs = 

be propoied. Hiis also satisfies the condition (7); we shall, therefore, 
first integrate 

on the hypothesis of z constant, and we find for the integral 

U = sjpy -f 0s = » . . . (1), 
so that no &ctor is here requisite, 



dz 



,\p::xafz^d%^i—g — |-C; 

3 

hence, by substitution, the integral U becomes 

(112.) Let us now consider the case in which the difierential equation 

M(/x + Nrfy + Prf2 = .... (1) 

does not satisfy the condition (7), and let \ be the factor proper to 
render integrable the part Mdx -j- Nc?y only, z being regarded as con-* 
stant; by multiplying the proposed by this factor, it becomes 

UXdx + NXd> + VXdz = . . . . (2). 

Integrating die equation 

MXdx -I- ^Xdy = . . » . (3) 
we have, as before, 

V-f 0z = O .... (4), 

but the differential of this equation, taken with respect to the three 
variables, cannot, as in the former case, be identical with (2), which it 
would however be, if its differential with respect to z were equal to PX. 
Now the differential of (4) with respect to the three variables is, in 
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virtue of (3), 

dV , d6z 
MXdx -f NXrfy -f -^ rf« H — ^dzn^Q .... (5). 

and its differential with respect to z only is 

dY d<l>z 

and therefore, although it is impossible that any equation (4) among 
the variables jt, y, z can be found, whose differential (5) shall be identi- 
cal to (3), without assuming some other relation among the variables, 

yet, by introducing a new relation, viz. the relation 



dz d% 

the identity is brought about, for, in virtue of this condition, (5) becomes 

U\dx 4- NXdy + V\i% = 0, 

and thus the proposed differential equation is satisfied by the equations 

-^ + ^=pxi 



taken conjointly, in which the function ^z is entirely arbitrary. The 
system of equations (6) involving an arbitrary function of z represents 
an infinite variety of curves of double curvature, all of which equally 
give rise to the differential equation (1) or (2). 
Suppose, for example, 

ydy + zdx — dtzszO, 

an equation which does not satisfy the condition (7). 

Regarding z as constant, the factor necessary to render the part 

ydy + zdx 

integrable is 2, consequently the proposed, multiplied by this, is 

^y^Sf + 2zdx — 2dz =s 0, 

which equation is satisfied by the system of equations 



• 
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y«-f 2%x -f^«=sO 



ia + ^+2 
If we take ^z = 7*, the system is 






y«-f 2jx-f s»=:0 J 



and so on. 



CBAPTSlk VXZX. 

ON THE INTEGRATION OF PARTIAL DIFFERENTIAL 

EQUATIONS. 

Partial Differential Equations of the First Order. 

(113.) A partial differential equation of the first order, containing 

three variables x, y, z, is one which, besides the variables themselves 

and constant quantities, contains only the partial differential coefficients 

dz dz 

— , — . The integration of this class of differential equations forms a 

dx ay 

distinct and very extensive branch of the calculus, involving difficulties 

of a peculiar kind. In the present small volume we must confine 

ourselves to a very elementary view of the subject, referring the student 

for further information to the large work of Lacroix, before mentioned. 



I. 



To integrate the partial differential equation 

dz 

7-=X, 

dx 
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X being a function of x, and z a function of the independent variables 
Multiplying by dx, and integrating, we have 

the arbitrary function <l>y supplying the place of the arbitrary constant, 

dz 
because the partial differential coefficient -— has been deduced from 

ax 

m 

the hypothesis of y constant. 

Suppose, for example, the equation v^rere 



then 



S=^+«'' 



3^ 



II. 

To integrate the partial differential equation 

d% 
_ — .P 

dx 

P being a function of .r, y and ar, 

dz 
As the coefficient — is deduced on the hypothesis of y constant, 

dx 

we must preserve this hypothesis in returning to the original function 

z^=if{xy y); hence, multiplying by dxy we have 

t = Vdxy 

the y in P being considered as a constant; this will be a differential 
equation between the two variables Zy x, the integral of which must be 
completed by annexing the arbitrary function ^y. 
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EXAMPLES. 



1. Let the equation be 

dz X 



2. Let the equation be 

d% a 

dx ""x/^a— y3-.a:2 

.*. 2 = a.8in,— * . + 0y. 

3. Let the equation be 



dx 



zdt , 

=:ax, 



therefore, y being considered constant, 

of 

d? -|- V y' — «' = 0y. 

4. Let the equation be 

dx 2/* -|- x' 

* * 1/3 + 2^ J/* + X* 

and, integrating on the hypothesis thaty is constant, we have 

— tan.-* — = — tan.— » — -f d»3/. 

y y y y 
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III. 

To integrate the partial differential equation 

dz ds 

M and N being functions of x and y. 
From this equation, we get 

«fy"~ N dx 
and since^ by hypothesis, 2r is a function of jr and y, 

dz dz 

dx ' dy ^' 

and we have, by substitution, 

or 

dx' N 

Suppose X is the fector whidi renders Ndj — MJy an exact differen- 
tial dUf that isj let 

X (Sdx — Mdy) = du, 

then the preceding equation becomes 

'^^Ts'Tx'^'*' 
to satisfy which we need only assume 

1 dz - 



XN </:c 

for then 

dz^ssVu* du ••• s = ^11^ 

bemg entirely arbitrary, and u a known fimction of g and y. 
1. Let the equation be 

fib 
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— _ ——0 

which is the general partial differential equation of surfaces of rerolu- 
tion (Diff, Calc, p. 175> 
In this case 

which is rendered integrable by X =: 2^ 

and, consequently, 

the general equation of sur&ces of revolution. 

As a second example, let the partial differential equation 

dz , dz 
djc ffy 

be proposed, which belongs to right conoidal sur&ces in general, then 

Nrfx — Mdy =: ydx - — xdy, 

which is rendered integrable by X=: — : hence 

pydx — xdy x 



f 



u" y 



X 

y 



an equation which we know is the general representation of aU right 
conoidal sur&ces (T>iff. Calc, p. 199-201^. 



IV. 

Let now the form 

dz dz 

dx dy . 

be proposed in wbich P, Q, R are functions of x, y, and z; then, 
dividing by P, and putting 
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Q R 



the form becomes 



ds dz 



dz dz 

that is, putting p' for -- , and q' for -7- , 

ctx %/ 

/-f My'+N = .... (A). 

As this equation exists in conjunction with 

dx ^p'dx -f- rfd^y 

which merely implies that j^: is a function of x andy, we may eliminate 
p\ and we shall thus have 

dz -^l/ldx^q' {dy — Udx) .... (B), 

this equation being true, whatever be the value of q\ we must have 
separately 

rf« + Nrf« = 0, rfy — Mrf2^ = 0» .... (1). 

Now, if it should so happen that z is absent from both N and M, then 
the second equation will imply some relation between x and y, fur- 
nished by the integral of that equation. Supposing then X to be the 
factor which renders it an exact differential, we shall have 

X (dy — Mdx) = 0, 

and, by integrating, we get an equation of the form 

* It may be proper to remark here that these equations, in their present 
form, teach us nothing, since, from the first principles of the calculus, we 
know that dxy dy^ and dz are necessarily eaah 0. They are, however, 
immediately reducible to a significant form, by dividing by dx, since they 
then become 

dx dx 

dy 
in which latter equation it must be observed that although -— implies 

uX 

a relation between x and y, yet as we may consider this relation to be 
arbitrary, we shall in effect consider x and 1^ to be independent. 
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F(«,y)=sC (8) 

consequently, substituting this value of y, in the function N, we shall 
have 

the second member of this equation being a function of Xy and of the 
constant C, in which, after integrating, if we restore the value ofC 
(2) the result will be the sought relation among the three variables, 
taking care, however, to consider the arbitrary constant which com- 
pletes the integral to be an arbitrary function of the constant C, in order 
that when the value of C (2) is restored, the integral may not be 
deficient in generality. 
As an example, let the equation be 

Comparing it with (A), we have 



hence the two equations (1) are 

V X* -f- y* . V 

dz-^a —^dx=iO,dt/ — ^dx=:0 .... (3), 

z being absent from each. 

Now the fector X, which renders the second of these equations, or 
rather the equation 

X 

1 
integrable, is X = — ; multiplying then by this, and integrating, we 

have 

-^ = C.-.y = Cx, 

X 

consequently, the first of these becomes 
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d%=zadx\/TfC* 

.•. t =aa: Vl + C' -f 0C, 

where ^C may, of course, contain another arbitrary constant besides 
C. Restoring, now, tlie value of C, we obtain, finally, 



or rather 

s==aN/*»H-y« -f ^ -1 . . , , (4), 

X 

being a function quite arbitrary. 

If, by differentiation, we eliminate the arbitrary function 0, {set 
Diff. Calc, p. 82), we shall return to the original partial differential 
equation. If a a= 0, in the proposed, it will be the general represen- 
tation of right conoidal surfaces, before noticed, and the equation (4) 
will be the integral equation of the same class of surfaces. 

It may happen that the two members of the equation (B) may con- 
tain each only the variables whose differentials ai*e involved in them, so 
thaty may be absent firom N, and z from M. In this case let, as before, 
X be the factor which renders the expression dt/ — Mdx integrable, 
and let X' be the factor which renders dz -}- N(/x integrable, the mem> 
hers of the equation (B) may then be represented by 

dz -j-Sdx^z^ rfU,' dy — Mdx =i~dV, 

A X 

SO that we shall have 

dV = g^dV .... (5), 

the first member of this equation is an exact differential, and that the 
second member may be also exact, we must have 

which is the only condition which need restrict the arbitrary function 
q*; hence, by substitution, in (5) 

Bb 2 
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that is to say, U is an arbitrary function of V, U and Vbeing functions' 
of the Tariables already determined. 
Let, &Nr example^ the equation 

be proposed, which 'will accord wiih the general equation (A), if 
writtten thus: 



M and N being 



dt X dz t 
dx y dy tc 



y * 



hence the equation (B) arising from the elimination ofp\ is 

z c 
d% rf* ss q'idy rfi), 

* 9 

so that we have now to find Actors which shall render integrable the 

expressions 

Z X 

flfs — — dx, dy ' daf, 

X y 

these factors are — and 2y\ multiplying, therefore, by these, we have 

the exact differentials 

xdz — xdx 



of which the integrals are 



, 2ydy — 2xdx, 



U=:-,V = y«-««, 

X 

consequently the required integral is 

-l = *(3/» x«). 

X 

It should be here remarked, that instead of eliminating p' from the 
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equation (A), as we have done in the preceding examples, we may 
eliminate q\ and deal with the resulting equation 

Mrfg + N</y = / (rfy — Mdx) = 0, . 

as we have already dealt with (B). 

On the Determination of Arbitrary Functions. 

(115.) In all the preceding examples of the integration of partial 
differaitial equations, the integral involves an arbitrary function of 
some of the variables, which ought to be the case, since, as shewn in the 
Differential Calculus, p. 82, any arbitrary function involved in an integral 
equation may be eliminated by differentiation, and the resulting equa- 
tion will always be a partial differential equation of the first order. 
This elimination was very jGrequently performed in our section on the 
Theory of Curve Surfaces, In returning, therefore, fiM>m the partial 
differential equation to the original primitive, this last, to be perfectly 
general, ought to inTolre an arbitrary function, in the same manner as 
the integrals of ordinary differential equations involve an arbitrary 
constant. We know ibat in this latter class of equations the deter 
mination of the arbitrary constant, in any particular case, depends upon 
the nature and conditions of the problem to which it applies ; and so 
also with respect to the arbitrary functions which supply the place of 
these constants in the former class of equations, their determination 
depends on the nature of the particular problems to which they belong. 
For example, the primitive of the equation 

dz dz 

a^ +* T- = ^ • • • • W' 
ax ay 

is 

y — 6i ws ^ (jt — ax) . • • . (2), 

which represents cylindrical sur^uses in general, widiout regard to the 
nature of the directrix. But if we knew, from the conditions of ^e 
problem, the equation, y ==/jr, of the directrix of the particular cylinder 
which is the subject of inquiry, then, although the differential equation 
(2) would remain unrestricted, since nothing arbitrary is involved in 
it, yet its integral (2) would be restricted by this condition, viz. that 
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when f s 0, the equations (2) and y =s/i are ideuticaiiy because (2) 
will then represent the trace of the cylinder on the plane of xy^ that is, 
the directrix : hence the condition is that 

so that ^ remains no longer arbitrary, but becomes the known form J\ 
therefore the particular integral corresponding to the particular cylinder 
in question is 

y — 6««=/(x — «), 

y — hz being substituted for y, and x — a? for jt, in the given equa* 
tion of the directrix (See Anal, Geom. p. 244). 
If the given directrix were a curve of double curvature, then, putting 

we may, by means of this equation and the two given equations of the 
directrix, determine the values of d:,y, and r, in terms of u, and con- 
sequently y — bz, or its equal ^u, will be determined in terms of u, or 
in other words the form of will become known, and in which we 
shall then have merely to put x — az for u, to have the equation of the 
particular cylindrical surfece which is the object of inquiry. 
Again the primitive of the partial dififerentiai equation 

(is t^ ^^ rt 

dx dy 

is 

X X 

which belongs to every conoidal surface whose straight directrix coin- 
cides with the axis of Zy without any regard to the nature of the cur- 
vilinear directrix; but if this is fixed by the conditions of the problem, 
then, putting m = xr, we may, by means of this equation, and those of 
tlie given directrix, determine the values of x, y, and z, in terms of w, 
consequently 0—* z will be determined in terms of u or of z, so that the 
form of this function will become known, and thus the particular equa- 
tion sought will be determined. 

Should, however, the problem in question furnish no conditions for 
the determination of the arbitrary function, then the geometrical repre- 



THE INTEGRAL CALCULUS. 285 

sentation of the integral comprises an infinity of sur&ces, not^ how- 
ever altogether arbitrary^ but entirely arbitrary as fiir as depends upon 
the arbitrary function. For example^ the primitive of the partial diffe- 
rential equation 

~=a.... (1) 

is 

2 =: ax 4" ^2/ • • • • Wf 

an equation which represents an infinite variety of surfaces according 
to the infinite variety of arbitrary forms we give to ^y; but yet ail 
these sur&ces must possess this common property, indicated by (1), 
viz. that if each be cut by a plane parallel to that of xz, the inclination 
of the section at any point (x, z) must be constant, and equal to a, 
{Diff. Calc. p. 162^, consequently every such section must be a 
straight line ; thus &r, therefore, the surfaces comprised in (2) are re- 
stricted. If, in (2), we suppose jt =: 0, then we shall have, for the 
trace of any of the sur&ces on the plane of xy, the equation 

which is entirely unrestricted, so that no curve can be even conceived 
which this equation shall not comprise; for even if the curve be described 
at random, since each point in it will be comprised in this equation, 
their locus v^ill be comprised in it. 

What has been said in the present chapter on the subject of partial 
differential equations, and on the arbitrary constants which their inte- 
grals involve, is intended to convey only a few elementary notions of a 
very extensive and very difficult department of analysis : the full de- 
velopment of the theory of partial differential equations is what cannot 
be expected in an elementary volume like the present : we hope, 
however, to return to this subject at some future opportunity. 
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Note (A), page 35. 

(Supplement to Chapter II. J 

We liave fully explained in the text the method of finding, by indeter- 
minate coefficients^ the numerators A^ B, C, <fec. of the several partial 
fractions into which any rational fraction may be decomposed : we propose 
here to shew how the same numerators may be determined by the applica- 
tion of the differential calculus. 

1. Let us first consider those partial fractions which arise from the real 
roots of the denominator of the proposed. If m of these roots are equal, 
we know (12) that the partial fractions to which the factor (x — a)'^ 
involving these roots gives rise, are 

A . B K 

>" 71 ^Xm—l "t" • • • • "~ "• • • • • V.*/> 



(r — a)™ (x — a)"*—* x — a 

A 



which if m ^ 1 becomes simply 



X — a 



Hence if -~~ be put to represent the sum of the remaining partial 
fractions which make up the proposed — then we have 

U_ A B K 

V ~ (*— a)» ■*" (x -j- a)"-' "^ • • • • , _ a "^ 



V. - V,(.-o>. <*^- 



3 C 
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Multiplying the second and third members by V, we get for U, the 
expression 

V, {^ — A — B(x — a) — C(x--a)«... — K(x;— a)»->} 

U, = ■ (T^r '"^^^' 

Now, since Vj is not divisible by (x — a)"*, this expression Informs us 
that the quantity within the brackets must be divisible by (x — a)"*, so 
that this quantity must be of the form X (x — a)"*, X being a rational 
function of x. It follows, therefore, that if we differentiate successively 
this same quantity, each of the coefficients, from the first to the (m — l)th, 
must be equal to when a is substituted for x : in virtue of this property 
we shall be readily enabled to determine the numeral coefficients in the 
numerator of (3). For, in the first place, it is plain from (2) that by 
multiplying the second and third members by (x — a)"» and then putting 
X =1 a we shall obtain the value of A, viz. 

the brackets being intended to intimate that a particular value is given to 
X, viz. X = a ; differentiating now the expression within the brackets (3), 
we have, in virtue of the property just established, 

hence 

d^ a^^ rf.£ 

A = [H.],B = [^].C=i.[^l,D=^-L[^],&c. 

in this way therefore the partial fractions (1) may be determined. 

2. Let us now proceed to determine the partial fractions corresponding 
to imaginary roots. In this case (13), 

U_ _ Ax-f B Cx -fP 

Ix-fK ^_U^ IJ_^ 



Multiplying the second and third members by V^ we get for U, the 
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expression 

V,l^-(Ax4-B)-(Cx + D){(^-«)«4.^} -....} 

As before, the expression within the brackets must be divisible by the 
denominator, and must, therefore, be of the form 

hence the successive differential coefficients, from the first to the 

(m — l)th, become each equal to when for x is substituted one of the 

roots of 

(« — «)» + i3» = 0, 
that is, 

a? = ttH-i3>/ — 1 or a? = » — iS*/— -1 .... (4); 
so that by making these substitutions we have, as in the former case, 

d{^ Ac.} dM-^-Ac.} 

[^]=[A*]+B,[ '-^ ] = 0, [ L_ ]=o,*c. 

each of these equations divides itself into two because of the two values 

of Of (4), for which they subsist ; hence we have as many equations as 

there are coefficients to be determined. It should be observed that in this 

second case the method of indeterminate coefficients, as explained in the 

text, is generally of easier application than that which we have just given, 

as the trouble of operating with the imaginary values (4) is avoided. 

As an example of the foregoing processes let it be required to decompose 

the fraction 

1 

a^ -f- x' — X* — a^' 

The denominator of this fraction is easily seen to be the same as 

(a?* — 1 ) a^ (a? -f 1 ) = (^ — 1 ) (^ 4- 1 )' .^^ (^ + 1 ) 
so that we must assume 



jn^ + x'f —x*^ a^ a? — 1 • (a? -f 1)» ^ a? + 1 ' a^ ' x 



a 



a ^ a^-f 1 ' 
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We shall first determine the numerator A, which, since U ^ 1 and 
V,=:(* 4- !)•(*• + !)*», is 

^ ~ *■ (* + 1)« (a?» -H 1) a?» -• 8 ' 

1 being snbstitated for x. 

We shall next find B, C, which, since V, = (a? — 1) (a?* -f 1) a;* and 

U=:], becomes 

. U 



B 






— 1 being substituted for x» 
To determine D, E, F, we have U = 1, V, = (ic — 1) (a? -f 1)* 



d -77- . d* 



D = [^]=-l, E = [=^] = l,F=i-[-Il 



dx 2 ^ dx^ 



]=-!, 



being substituted for x. 

Finally, to determine K, L, we have, since U = 1 and V, = (^ -- 1) 
(a? +!)»*», 

[— ] = [lCr]+L, 

in which ± v — 1 being substituted for x gives the two equations 

2KH-2L=1, K = L, 
from which we get 

K_-,L_-, 

hence, the proposed fraction is decomposed into 



8(^—1) ' 4(.r + l)2 • 8(j?+l) x^ ' x^ ^ • 4(^ + 1) 

dx dx 
3. If we had to integrate or ; — - we should have first to resolve 

x^ — 1 x^ -{- i 

the denominator into its quadratic factors, and this may be done by means 
of the decomposition of 

^m__2a?»»cos. 0+ 1, 

already exhibited at page 32 of the Differential Calculus. 



;*' 
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The cosine in the last or mth factor in this decomposition is obviously 

+ 2(m— l)7r ,^ . — 27r, — 2^ 

COS. ■ — = COS. (27r H ) = COS. 

m m m 

the cosine in the factor preceding this is 

+ 2(w— 2)7r .^ — 4^ B — 4ir 
COS. ■ ^ ' — = COS. (27r H ) = COS. , 

and so on; so that the fom^ula referred to may be written thun, by 
changing <r into y and m into n, viz. 

Q 

a«" — 2a?»C08. 0-fl = (a?" — arcos \- I) 

n 

X (a^ — 2^cos. ^ + 1) 

a—, A 

X (a*— 2a?cos. h 1) 

n 

47r 4- 

X (a^-— 2.PC0S. -^ h 1) 

n 

47r — 
X («* — 20? cos, f- 1 ) X <fec. to n terms. .( 1 ). 

Now it is easy to see here, that the last or Ttth factor is, vjheji n is eve/i, 

^.a — 2.r cos. ■ — =z or -{- 2x cos. ^ 1, 

n n 



so that, in this case, the decomposition is 

^x^n — 2a''* COS. 4- 1 = (a;* — 2a' coff. f- 1 ) 

^ n 

Q 

X (V + 2a: cos. 1-1) 

X (ar^ — 20? cos. ■ 1- 1) 

n 

, o « 2Tr — , ,. 

X (** — 207 COS. Vi) 

n 

X (x^ — 2a COS. ■ h 1) 

n 



c c 2 
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4ir— 

X (jf*— «*coi. 1-1) X <fec. to t s tmw u ^i). 

n 

Let 08 now suppose in each of these formulas (1) and (2) that = 0, 

g 
then cos. =: 1 as also cos. — , and> therefore, when n is odd, 



*>>R 



— 2a?» + 1 =(*• — Sir -f 1) 



X (jf* — 2*PC0S. \- ly 

X (a* — 2j? cos. — ^ + 1)* X «fec. to -~ - terms . . . (3), 

and when n is even, 

Aa»__2^ ^ 1 — (jya_2a? -f 1) 

X (a?2+2j?H-l) 

27r 

X (j?* — 2j?cos. hi)' 

n 

47r M -f-2 

X (j?* — 2jf cos. h O' X «fec. to -^ terms . . . (4). 

n 2 

The formulas (3) and (4) immediately lead to the decomposition of 
.1" — 1 into its quadratic factors ; for, by extracting the square root of 
each side of (3), we have, when n is odd, 

a'*—! =(r— 1) 

27r 

X (x« — 2xcos f-l) 

n 

477* fl -X- \ 

X (x* — 2xcos. h 1) X <^c. to — ^- terms .... (5), 

and, by extracting the square root of each side of (4), we have wh€?i n in 
even, 

A»— 1 =:(x^-.l) 

X (x» — 2xcos. -?^ + l) 

n 

47r ti 

X (x^ — 2x C03. + 1) X &c. to -— terms .... (6). 

n 2 
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Having thus decomposed a!* — 1 into its quadratic factors, we may resohe 

into its partial fractions, as follows : 

J?** — 1 

Taking the logarithms of each side of (5), and then differentiating, we 

have, when n is odd, 

1 2— 2 COS. 



+ ^ + 



a*— 1 X— 1 o « 27r , , 

x* — 2x COS. — : h 1 

n 

2a? — 2 COS. 



47r 

X* — 2a? COS. 1 

n 



1- <fec. to — ^ — terms. 



or, multiplying by x, 

29r 



2a?* — 2x COS. 



T -z: — ■ r 



x«— 1 X — 1 27r 

ar — 2x COS. \- 1 

n 

2x« — 2xcos. 



-j- <fec. to terms. 



x* — 2x COS. h I 

n 

Now, if we subtract n from the first side of this equation, and from each term 

« + 1 
on the second side 2. we shall subtract from the whole of this side — -^-—' 

2 

times 2 ; that is n -{- 1, so that, in order that the equation may still subsist, 

we must increase this remainder by 1, or, which is the same thing, the 

equation will subsist if we subtract n from the first side, and from the first 

term on the second side 1 only, while from every other term is taken 2 . 

we shall thus have 

« « 27r 

2 — 2x COS. 

« • 1 n 



1 2x COS. h x' 

u 



2 — 2x COS. 



47r 

1 •— 2x COS. 1- 1* 

n 



4?r 

n » + 1 ^ 

h <fec. to —^ teipis. 
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and conieqaently 



2t 
1 — X cog. 



JL=_i li It + 

«»-» n(*— J) n \ , 2ir , ,^ 

1 — 2x COS. + i' 

n 

1 X COS. 

L «j5rc. to — r — terms]. 

« 4ir , , 2 

1 — 2x COS. + ar 

n 

Hence the integration of 



**— 1 



is, when n is odd, redaced to the integration of the several terms of the 
series 

djp 2daf f 1 — ax 1 — bx 

n(x— 1) «~ * 1— 2ar + x« "^ 1 — 26x + r* "^ 

;j 1 

«fec. to — - — } terms .... (7), 

which integration may be readily effected by the methods explained in the 
text. 

Again, taking the logarithms of each member of the equation (6), and 
differentiating we have 

27r 



«-i o 2r — 2 cos. 



I 



x» — 1 x=^— 1 ' ^ 27r 

X* — 2x cos. 1- 1 

n 

2x — 2 cos. 



•f 



-}- cfec. to -— terms. 



o « 47r , • 2 

r* — 2x COS. h 1 

or, multiplying by ,r, 

^ „ 2x2 — 2x COS. 

«x** 2jr w 



+ IT- -f 



;in _ 1 x« -— 1 ' „ 27r 

x' — 2x COS. 1- 1 

n 
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2a:* — 2xC08. 

-4- dec. to —- terms. 

• « 47r , • 2 

.!•* — 2x COS. h 1 

n 

Subtract n from the first member of this equation^ and as there are -r- 
terms in the second member^ subtract 2 from each, the result is 

2 — 2x COS. 

n 2 n 



x» — 1 x* — 1 27r . 

1 — 2x COS. h x" 

n 

2 — 2x cos. 



4- <fec. to — terms, 



1 — 2x COS. -f- X* 

consequently 

27r 



1 — X COS. 



x»— 1 «(x« — 1) « \ _ 27r ."^ 



1 — 2x COS. 1- x* 

n 



1 X COS. 



47r , - 
1 — 2x COS. h X* 



Hence the integration of 



tt fi ~" 2 

1- &c. to — - — terms} . 



x« — 1 



is when n is even reduced to the integration of the several terms of the 
series 

2daf 2«fcp , 1 — ax I — bx 



»(.r2_l) n M — 



2ax H- x» ^ 1 — 26x H- x' 



+ 



n — 2 
<fec. to — - — terms} .... (8). 



We shall now give an example of each of the formulas (7) and (8) : 
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1. To detemiine the integral of 



By the fonnula (7) we have 

/ dx _ 1 r dx 2 p {\—ax)dx 

x»— l""3y X— 1 3^1—20x4-12' 

the first integral in the second member is 

ylog.(x— 1), 

and, by patting the denominator of the remaining integral under the form 

(x — a)2 — a«+ I, 
and then substituting % for a — a, we have 

/ (I— gar)rfj? _ r, __ 9x P ^ P ^d% 
1— 2a^-+-x^ —^ *^V «« — «*+] "c/s* — a*+l 

tan.—* t 5" log. (z' — a* 4- 1); 



hence, substituting for a and s their values 

27r 
a = cos. — - — , 2 = X — fl, 

we have, for the required integral, 

/dx 

C +--- log. (a? — 1) + — COS. -^ log. (1 — 2a' cos. -^ H- *'*) ~ 

27r 
X — cos. 



2 . 27r ^ , ^^- 3 

ain TOM — • 



— sin. tan. 

3 3 . 27r 

sin. 



3 

If this integral ought to vanish when .a?=0, then the correction is 

27r 



cos. 



n 2 . 27r . , ^^''' 3 
C^---sm. tan.— > 



3 3 . 27r 

sm. — —- 
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COS. 



= — sin. tan.—* 



3 3 . 27r 

sin. — -- 



and consequently the last term in the above expression, when corrected, 
becomes, in consequence of the property 

♦ /A- I TIN **"• A + tan. B 
tan.(A + B) ^- — -r—- -, 

^ ^ ^ 1 — tan. A tan. B 

xsm. 



2 . 27r . . 3 
—sin. — -— tan.— » 



3*3. , 27r ' 

1 — OP COS.— - — 



2. If Ihe integral of 

daf 



is required, then, by the application of the formula ( 8), we find 

dx 



f 



ar*— 1 

1, l+iP,l TT, ., ^ ^.ov 

— T ^^' T+^' + -^coB. ~ log. (1 — 2x cos. — + a^) — 

X sin. — 

1 . TT . , 2 

-—sin. —- tan.—* , 

2 2, tt' 

1 —X COS. -- 

2 

the integral being corrected as in the preceding example. Or, since 

cos. — = 0, and sm. -— =1, 

dx 1 , 1 + a? 1 . , 
— ' — --tan.-*j:. 



/dx 1 , 



1— J? 2 



Let it now be required to decompose a* + 1* For this purpose, put 
= TT, in the formula (1), and it becomes 

««» + 2ap» -f. 1 = (x» — 2x COS. -^ + 1)« 
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X (a«-2xco«.— +1)» 

ft 

X (x* — 2j: C08. h 1 A X &c. to ■-. terms. 

ft 2S 

Hence, by extracting the square root> we have, when n is even, 

x» + 1 = (x* — 2x COS. h 1 ) 

' ^ ft 

X (x* — 2x CM. h 1) 

^ ft 

Sir 

X (x* — 2x COS. h 1) 

^ fi 

and in lilce manner by putting d=ir, in the formula (2), and extracting 
the square root, we have, when n is odd, 

a« 4- 1 = (x H- 1) 

X (x« — 2x COS. -^ + 1) 

n 

X (x* — 2x COS. h O X &c. to ^ J' terms : 

ft 2 ' 

hence, proceeding exactly as with d?» — 1, in the respective cases of n even 
and ft odd, we find, when n is even, 

1 — X COS. — 1 — X cos. 






dx 2dx J n n 

x» -f 1 "" n \ ~ w ' "^ 3^ ^ 

1 — 2x COS. ^- «a 1 — 2x cos. U *« 

ft . ' 



+ <fec. to — terms 
2 

""ft M — 2(Mrp7« "*" 1—26^ + x» ■*" 



ft 



<fec. to — terms} .... (9) 
and when n is odd. 
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1 — X COS. — 

djc dx 2dje . n 



^ V • / J — X COS. \- X* 

t n 



^ 



1 — X COS. 



3t . o 

1 — 2x COS. + X* 

n 



1- <fec. to — -- — termti} 



da 2d J! , 1 — ax 



) "^ « ^1 — 2ax 



w(l+i) n 1 — 2rta: -f ^ 



ni 



+ 



1 — bx , „ . n — 1 ^ , ^,^. 

+ &c. to — 3 — terms} .... (10). 



1 — 25a: -f X* ' 2 

If we apply this formula to the example 



dx 



x^ 4- 1 

we find for the integral 

/dx 

— log. (1 4- x) — y COS. y log. (1 — 2X cos. — 4- X*) 4- 

X sin. — 
— sin. — tan.—' , 

3 3 TT* 

1— XCOS. 

3 

the same correction being introduced as in the former examples. Or, 
since cos. 60°= \ and sin. 60° = i v^ 3 

/dx 1 1 +x , 1 ^ , x^^ 
, . , = — log. , 4 J- tan.-* ~-^^^ — • 

For the decomposition and integration of other forms, the student may 
consult Jephson's Fluxional Calculus^ vol. 2, and Simpson* s Fiuxions, 
vol. 2. 



Dd 
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Put 



Note (B),pagel\. 
Development of sin.* s and cos." x. 

I. x + sln.xV — 1=M ^ 



COS. * T Bill. * " — *— w. . . 

f > . . . . ^1^, 

COS. X 4- sin. a V — 1 = p ' 
then <J>iff, Calc. p. 30,) 

COS. 7nx 4- sin. mx v — 1 = u* 



Zl=" J....(2), 



COS. mi -|- sin. mx v 
and consequently 

K*» + »»• = 2 COS. 7MX, tt»» »»• = 1 . . . . (3). 
Now by adding together the equations (1), we get 

COS. X = — (?f + tr), 
and therefore 

COS."* X ^ -— — (;/ + ^)"' = -:; — (^ + ")"* J 
hence, by the binomial theorem, 

COS.*" X = I M"* + w?****— * V 4- — ^^-i ?<"»—* t>2 -L <fec. J . 

2»» *^ ' 2 

or 

1 r . . wi (w — 1) o - . „ » 

COS."* X = {«"* 4- »«y»*— ' 7* + — ^—TT «"•— ' »' + <fec. J, 

2»i *• 2 1 J 7 

adding together these equations, we have 

cos."* X =: — -i } M"* + f"* 4- M/<2; (w"»-^ 4- v^~^) 4- 



2»'+l 

m (m — 1 ) 



m2 t;3 (mW-* 4- t;*"-*) 4- 4^C.} 



r 
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But from (3) 

w*" + »"• = 2 COS. inoD t<t; s= 1 

tt«-2-j.t;"«-a=s2cos.(TO — 2)a? w«t;« = l 

yvn^K _|_ i;m— 4 -- 2 COS. (m — 4) a? m^ t>* = 1 

<fec. (&C. <&c. (&C. 

hence the development of cos."*j7 becomes 

COS.** X =s -— - {cos. mx + »* cos. (m — 2) x + 

— -^-- ^co8.(m — 4)x + <fec.} .... (A.), 

and by patting m eqaal to 2> 3, 4, <fec. and recollecting that coa. — = 

cos 0, we shall obtain the values of cos.^a*, cos.'d?> cos.^jr, <fec. in the text. 

Let us now seek the development of sin."*x; for this purpose we must 

take the difference> instead of the sum, of the equations (1) ; we thus have 



2 sin. xv — l=w — «.*. sin. * = 



u — » 



2 V — 1 
and consequently 

sm."»x= v"=r — • 
(2V — l)»» 

1. Let m be even, then (^Algebra, p. 149,) 

hence, developing the two equations 

sin.* X = . — (w — v)*", sin.* x = 7r= — (t; — eO*"? 

(2v— 1)* (2V— 1)*» 

and adding the results, we get 

2 sin."* X = 7 — {m"* 4- 1>** — muv (w«— * + »"»— «) + 

(2V-1)«* 

— ^ u* v^ («f«-* 4- »"«-*) — «fec.} 

and making the same substitutions as before, in virtue of (3), we have, 
since m is even, and therefore (>/ — 1) "*= ± 1, 
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fln."» X = ± -r — {cos. mx — m cot. (m — 2) a -f 

^'"JUllcM.Cm -4)x~Ac.} (B). 

2. Let m be odd, then 

(II — »)* = ( — 1 )"*(w~m)* = — (» — «)«, 

therefore 

gin."* X = -f ^ — . 8in."»x= ^ , > 

(2V— 1)* (2V-.1)«" 

and developing (« — »)"•, and (tr — «)*, as before, we get 

2 8in."» X = ;^=— {a"» — v» — map (f«»-* — »"•-*) + 

(2V — !)• 

wt (m — U ^, ^ ^^^^ _ ^^^4 J __ ^^ J 

Bat from equations (2) 

«*• — 1;"» + 2 sin. wij? v — 1, m* »* = 1, 
and in virtue of these equations the foregoing development becomes, since 

sin."» x= ± —^^ {sin. wx — m sin. (»» — 2) x -j- 

'^ (^ — 12 sin. (m ~ 4) X — &c.} .... (C). 

It must be observed, that in the development (B), the lower sign is to 
be employed, when m is either of the numbers 2, 6, 10, (fee. and the upper 
sign, when m is either of the numbers 4, 8, 12, <fec. Also in the develop- 
ment (C), the lower sign is to be used, when m — J is one of the numbers 
in the first series, and the upper sign, when it is one of the numbers in 
the second series. 
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Note {C),page 142. 

In order to show that every enveloping surface mast be greater than the 
surface enveloped, it must be first established that every surface, curved or 
polygonal, which is subtended by a plane exceeds that plane. This will 
be obvious, from considering that if through any point on the curve, or 
polygonal surface, a plane be drawn, intersecting both the surface and the 
subtending plane, the curve section will always exceed the rectilinear 
section, whatever be the direction of the intersecting plane ; and that, 
therefore, the locus of the curve sections, that is, the curve surface, must 
exceed the locus of the rectilinear sections, or the subtending plane. This 
being admitted, let us conceive any two surfaces, one enveloping the other ; 
then, as there is necessarily some space between them, we may cut off by 
a plane a portion of the enveloping surface without touching the surface 
enveloped ; if then this ))lane supply the place of the portion cut off, the 
enveloping surface thus modified will be less than before, and the space 
between it and the enveloped surface will be diminished. Again, let the 
intermediate space be still further diminished, by cutting off another portion 
of the enveloping surface, and let this process be continued ; then it is 
obvious, that since at every operation we not only diminish the enveloping 
surface, but also the space between the two, we in fact approach nearer 
and nearer to coincidence to the enveloped surface, as the enveloping sur- 
face diminishes ; consequently this latter must have been originally greater 
than the former. 



Note (D),page 234. 

' We have remarked in the text that there does not exist any singular 

solution when the arbitrary constant c enters into the complete primitive 

only in the first power. This, however, is contrary to the doctrine of 

most analytical writers, who, in cases of this kind, reason as follows : 

« When c rises only to the first degree in the primitive, this is of the form 

w = Ac+P = .... (I), 

where A and P are functions of {c, y, which do not contain c. First, sup- 

P du 

pose A not to be a factor of P ; then, since c^ j, from — = A = 0, 
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thefe resultfi c = «> ; which gives a parUcalar solation, viz. that case of 

the primitive in which the arbitrary constant ii supposed to be infinite. 

<* Next, let A be a factor of P ; then, since the proposed diflferential 

equation is 

P(£/A) — A(dP) = 0/ 

A ^ must necessarily be a solution, and to determine whether it is a 
singalar solution, eliminate either jr or y from A=sO and the primitive; 
and it ii a singular solution or not, according as the retulting value of is 
variable or constant'' 

It would appear, then, from this reasoning, that A s= might be a ain* 
g^nlar solution, provided the complete integral (1) were divisible by A; bat 
in such a case the solution A = would always be necessarily compristd 
in every particular solution (1): this solution cannot» therefore, with 
propriety be considered a singular solution, for it is the character of 4 
singular solution not to be comprised in any particular solution. 



* For the Unmediate differential of 

Ac + P = . . . (1) 



is 



c (rfA) 4- e/P) = .-. c = — ^^ .-. (1), P ^ A 



(£P) 
•.P(rfA) — A(dP)=5:0. 



THE END. 






J. SDd C.'AdUrd, Printcn. Bartholomew Close. / 
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Magazine, for August; Monthly Magazine, for September; and Ladies* 
Diary, fw 1831, p. 25. 
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EXTRACTS FROM THE PREFACE. 



The object of the present volume is to teach the principles 
of the Differential Calculus, and to shew the application of 
these principles to several interesting and important inquiries, 
more particularly to the general theory of Curves and Surfaces. 
Throughout these applications I have endeavoured to preserve 
the strictest rigour in the various processes employed, so that 
the student who may have hitherto been accustomed only to 
the pure reasoning of the ancient geometry will not, I think, 
find in these higher order of researches any principle adopted, 
or any assumption made, inconsistent with his previous notions 
of mathematical accuracy. If I have, indeed, succeeded in 
accomplishing this very desirable object, and have really 
shewn that the applications of the calculus do not necessarily 
involve any principle that will not bear the most scrupulous 
examination, I may, perhaps, be allowed to think that I have, 
in this small volume, contributed a little towards the perfect- 
ing of the most powerful instrument which the modem ana- 
lysis places in the hand of the mathematician. 

It is the adoption of exceptionable principles, and even, 
in some cases, of contradictory theories, into the elements of 
this science, that have no doubt been the chief causes why it 
has hitherto been so little studied in a country where the 
ancient geometry has been so extensively and so successfully 
cultivated. The student who proceeds from the works of 
Euclid or of ApoUonitis to study those of our moderu analysts. 
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If this Statement be true, it is not to be wondered at that 
students so often abandon the study of this science, less dis- 
couraged with its difficulties than disgusted with its incbn- 
sistencies. To remove these inconsistencies, which so often 
harass and impede the student's progress, has been my 
object in the present volume; and, although my endeavours 
may not have entirely succeeded, I have still reason to hope 

that they have not entirely failed. 

« « » « 

The Ninth chapter is devoted to a matter of considerable 

contact, <fec., by aid of Taylor's theorem, it is assumed that a Talae may be 
given to the increment h so small as to render the term into which it enters 
greater than all the following terms of the series taken together. Now 
how can a function of absolutely indeterminate quantities be shewn to 
be greater or less than a series of other functions of the same indeter- 
minate quantities without, at least, assuming some determinate relation 
among them ? If we say that the assertion applies, whatever particular 
value we substitute for the indeterminate in the proposed functions or 
differential coefficients, we merely shift the dilemma, for an indefinite 
number of these particular values may render the functions all infinite ; snd 
we shall be equally at a loss to conceive how one of these infinite quantities 
can be greater or less than the others. It appears, therefore, that the usual 
process by which the theory of contact is established, applies rigorously only 
to those points of curves for which Taylor's development does not fail, and 
I cannot help thinking that on these grounds the Anali^tical The&ry of 
Functions y by Lagrange , in its application to Geometry, is defective, although 
I feel anxious to express my opinion of that celebrated performance with 
all becoming caution and humility. Indeed Lagrange himself has admitted 
this defect, and observes, (Th^orie des Fotictions, p, 181,) "Quoique ces 
exceptions ne portent aucune atteinte k la th^orie gen^rale, il est neces- 
saire, pour ne rien laisser a desirer, de voir comment elle doit etre modifier 
dans lea cas particuliers dont il s'agit." {See note C at the end,) But 
he has not modified the expression deduced from this exceptionable theory 
for the radius of curvature, which indeed is always applicable whether the 
difierential coefficients become infinite or not, although, for reasons already 
assigned, the process which led to it restricts its application to particular 
points. 
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importance, viz. to the examination of the cases in which 
Taylor's theorem fails; and I have, I think, satisfactorily 
shewn, that these failing cases are always indicated by the 
differential coefficients becoming infinite, and that the theo- 
rem does not faU when these coefficients become imaginary, 
as Lacrcixy and others after him, have asserted. Besides the 
correction of this erroneous doctrine, which has been sanc- 
tioned by names of the highest reputation, another veiry re- 
markable oversight, though of far less importance, is detected 
in the Calcul des Fanctums of Lixgrange, and is pointed out 
in the present chapter : it has been unsuspectingly copied 
by other writers ; and thus an entirely wrong solution to a 
very simple problem has been printed, and reprinted, with- 
out any examination into the principles employed in it; and 
which, I suppose, the high reputation of Lagrange was con- 
sidered to render unnecessary. 

» « » * 

From the foregoing brief analysis, it will appear evident to 
those familiar with the present state of mathematical instruc- 
tion in this country, that I have introduced, into a little 
duodecimo volume, a more comprehensive view of the theory 
and applications of the differential calculus than has yet 
appeared in the English language. But I have aimed at 
more than this ; I have endeavoured to simplify and improve 
much that I have adopted from foreign sources; and, above 
all, to establish every thing here taught, upon principles free 
from inconsistency and logical objections; and if it be found, 
upon examination, that I have entirely failed in this en- 
deavour, I shall certainly feel a proportionate disappoint- 
ment. 

•»• In the Preface, p, xii. line 4, /or **to which this line is an asymp* 
tote," read " whose asymptote is parallel to this line,*' 



